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(Notes 6)
CHARGED PARTICLE INTERACTIONS

1. Introduction
Charged particles are generated in accelerators, nuclear decays, or in the cosmic ray field. All such

particles interact with matter through the Lorentz force, primarily the Coulomb force. In addition, the
strongly interacting particles, such as protons and alpha particles, interact with nuclei through the short
range nuclear force. The cross section for electromagnetic interactions is normally some six orders of
magnitude greater than that for the nuclear force, and also is very much greater than that for photon
interactions.

In comparing the situation with photon interactions discussed in the previous section, a major
difference arises because of the existence of a finite rest mass in this case. The loss of energy for a photon
is manifested in a reduction in frequency, but, in vacuuo, not in velocity. In a material medium the
dependence of the index of refraction on frequency can produce a small effect, but in the ionizing region
this is not significant. For charged particles however, the reduction in energy is accompanied by a
reduction in velocity. The particle is said to slow down. 

The much larger cross section implies that the mean free path between interactions is much
smaller than for photons, and indeed it is of the order of nanometers rather than centimeters. Thus, while a
photon may make only some two or three collisions in most macroscopic objects, a charged particle may
make many thousands. In doing so, the charged particle will slow down until eventually it is moving with
speeds comparable to the atoms in the media and achieves thermal equilibrium. Before this the energy will
have decreased to a value below the ionization limit, 12 eV, and the particle will no longer contribute to
the ionizing radiation field. For particles commonly with initial energies in the MeV range, either of these
final energies are essentially zero, and by convention, the distance which would have to be travelled to
theoretically exhaust the entire energy is referred to as the range of the particle.

Absorption does not occur via the electromagnetic interaction, so the only processes involved are
elastic and inelastic scattering. Under appropriate circumstances these processes are closely related to the
corresponding photon processes. Absorption, as well as both types of scattering, can take place through
the strong interaction. Because the cross sections are so much smaller than that for the electromagnetic
interactions, these may be treated separately as taking place along the path of the particle as it slows down.
The vast majority of Coulomb interactions result in excitations of the atomic electrons, as is the case with
photons. However, just as there is a small cross section for photonuclear interactions, there is also a small
cross section for excitation of nuclear excited states via the Coulomb interaction rather than the nuclear
interaction.  Whenever a process linking the same initial and final states occurs by both interactions, then
the amplitudes should be added so that the cross section is the coherent sum. Since the strong interaction
amplitudes are so much smaller than those for the longer range Coulomb interaction, their contribution
has been ignored in what follows.

For electrons there is no strong interaction so that essentially only the electromagnetic interaction
occurs and there is no absorption process at all. In all cases however, it is not possible to identify the
electron in the final state with the projectile electron in the initial state, since the incident electron may
have exchanged with an atomic electron. This leads to complications in the cross section calculation as
discussed later.
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2. Rutherford scattering

This process is the elastic scattering of unlike charged particles with non-relativistic energies due to the
Coulomb force. It was of course first discussed by Rutherford in connection with the existence of the
nucleus. The initial state consists of an ion of reduced mass M and velocity v with wave vector k
representing the relative motion in the centre-of-mass and an atom in the ground state. The final state
consists of the ion with altered direction having wave vector kN with the atom remaining in the ground
state. The initial and final wave functions for the system may then be written

*i,' 1
v

e ik@r*0, (1)

and

*f ,'e ik f@r*0, (2)

The wave function for the relative motion in (1) is normalized to unit flux density while in the final state it
is normalized to unit density in momentum space. The density of final states factor can then be written

1
h 3

d 3p
d 2ΩdE

'
pW

h 3c 2 (3)

which in the non-relativistic limit with W=Mc2 becomes M2v/h3. The interaction Hamiltonian may be
written

Hint'
zZe 2

r
&j

Z

i'1

ze 2

*r&ri*
(4)

where ze is the ion charge and Ze the nuclear charge, r is the distance between the ion and the nucleus and
ri is the distance from the nucleus to the ith electron. Use is now made of the identity

m
e iq@r

*r&ri*
d 3r' 4π

q 2
e iq@ri (5)

to obtain

(f*Hint*i)'
4πze 2

vq 2
(Z&F(q)) (6)
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so that the cross section becomes

d 2σe

d 2Ω
'

4M 2z 2e 4

S4q 4
(Z&F(q))2 (7)

Note the appearance of the form factor in the above expression as in the case of photon elastic scattering .
In this case however the nuclear contribution is highly significant and the total cross section results from
the destructive interference between the nuclear and electronic amplitudes. In this description of the
process the nucleus is treated as a point object. Were its finite size to be taken into account a nuclear form
factor would be introduced. In the region of large momentum transfer the form factor becomes negligible
and the nuclear term dominates the cross section. For the region of small momentum scattering it is
necessary to consider the limiting behaviour of the form factor

F(q)'(0*j
Z

j'1
e iq@rj*0)'Z&q 2<x 2>/2 (8)

to second order where

<x 2>'(0*j
Z

j'1
x 2

j *0) (9)

It should be noted that the matrix element of the first order term in the expansion of the exponential
vanishes because of symmetry. The limiting value of the cross section then becomes

d 2σe

d 2Ω
'

M 2z 2e 4

S4
<x 2>2 (10)

The expression in Eqn.(7) can be re-written in terms of the centre-of-mass scattering angle using the
relation

Sq'2Mvsin θ
2 (11)

to obtain

d 2σe

d 2Ω
'( ze 2

2Mv 2
)2@(Z&F(q))2@ 1

sin4θ/2
(12)

3. Inelastic scattering

The inelastic scattering of charged particles is analogous to inelastic scattering for photons. As in that case
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when the energy transfer is large compared to the binding the process may be treated as elastic scattering
from a free electron as in Compton scattering. Note that in the centre-of-mass system the process
essentially appears to be the scattering of an electron from the ion since the latter is at the centre-of-mass.
From (12) the cross section in this case becomes

d 2σ
d 2Ω

'
4M 2z 2e 4

S4q 4 (13)

which for future reference implies a scattering amplitude of 

fR(θ)'( ze 2

2Mv 2
)@sin&2θ/2 (14)

This can be transformed to a cross section differential in the transferred energy in the usual manner using

the relation for the energy transfer . Differentiating as an explicit function of scattering angle ing' S2q 2

2me

the centre-of-mass gives

dg
dθ

'
M 2v 2

me

sinθ (15)

Recalling the general procedure

σ(g*E)' dσ
dg

'2π@ d 2σ
d 2Ω

@sinθ@* dg
dθ

*&1
(16)

the differential cross section becomes

dσ
dg

'
2πz 2e 4

mev
2
@g&2

(17)

The free electron description used to obtain (13) and (17) is analogous to that which lead to the Klein
Nishina formulae for Compton scattering. An important property to note in Eqn.(18) is the dependence of
the electron recoil spectrum on the inverse of the square of the electron energy. 
A more complete description takes into account the entire atom. The initial state is identical with that in
Rutherford scattering. A final state in the continuum is described by the atom in an excited state with
energy between g and dg, designated  as well as the ion which has been scattered through angle θ into*g,
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an element of solid angle . This process is then described by the double differential cross sectiond 2Ω

d 3σ
d 2Ωdg

'
2π
S

(g*Hint*0)2 d 3pN
h 3dENd 2Ω

(18)

The differences in equation (18) and the corresponding relation for elastic scattering are the appearance of
the excited state in the matrix element and the alteration of the density of states factor because the
magnitude of the final state momentum and energy no longer equals that of the incident ion. The matrix
element can be written

(g*Hint*0)' 4πze 2

q 2 v
Fg(q) (19)

and the density of state factor becomes MpN/h3. The differential cross section becomes

d 3σ
d 2Ωdg

'
4M 2z 2e 4

S4q 4
@( kN

k
)@*Fg(q)*2 (20)

Note the appearance of the same generalized form factors as occur in the incoherent scattering function for
the Compton process.

For simplicity the discussion has been restricted to atoms for which only electronic excitations occur. For
molecules discrete excitations to rotational and vibrational states also occur, and excitation to the
continuum may involve dissociation either with or without ionization.

4. Stopping powers

For free electron scattering the reduced mass of the system is equal to the electron mass to a good
approximation. The maximum momentum transfer is then 2 v. This implies the maximum energy lostme
by the ion is 2 v2 while the ion initial energy is Mov2/2 where Mo is the ion mass. The fraction of energyme
lost is 4 /Mo which is of order 0.2% or less for ions of mass $ the proton mass. The situation is similarme
to an object moving through a fluid. The net effect of a large number of small energy transfers is an
apparent continuous slowing of the object which is modelled by the introduction of a macroscopic
quantity referred to as fluid resistance, a form of friction. The frictional force corresponds to the rate at
which energy is lost continuously with path length. In discussing charged particle motion the analogous
quantity

 S(E)' dE
dx (21)
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is introduced and referred to as stopping power. In the above, dx is an element of the particle path length.
The stopping power may be related to the interaction coefficient in the following manner. The energy lost
in traversing the path length dx is the product of the average energy lost in an interaction and the expected
number of collisions so that

S(E)'µ(E)@<g>
'mg@µ(g*E)dg (22)

The interaction coefficient is density dependent so that a related quantity, the specific retardation, defined
through S(E) =nT κ(E) is introduced. This may be calculated as in Equ.(22) with σ(g*E) replacing µ(g*E).

The energy of a particle, initially Eo, may be calculated at the path length x from

x' m
Eo

E(x)

dE
S(E)

(23)

Eqn(23) is referred to as the continuous slowing down approximation. Similarly the (C.S.D.A.) range of a
particle is the path length over which the initial energy is exhausted giving

R(Eo)'m
Eo

0

dE
S(E)

(24)

5. The Bethe stopping power

The electronic stopping power for non-relativistic ions is calculated from the differential cross section for
inelastic scattering. The integration over energy in Eqn.(22) is decomposed into two regions referred to as
the soft and hard collision regions respectively. In the soft collision region binding to the atom is
significant so that the calculation begins with the atomic inelastic cross section given in Eqn.(20). The
momentum transfer satisfies

q 2'k 2%k f2
&2kk fcosθ (25)

so that 

d 2Ω'qdqdφ/kk f (26)

Substituting in Eqn.(20) and integrating over givesφ

d 2σ
dgdq

'
8πz 2e 4

v 2S2q 3
@*Fg(q)*2 (27)
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Introducing the generalized oscillator strength function, 

d 2σ
dgdq

'
4πz 2e 4

megv
2q

df(q)
dg (28)

where  becomes independent of q for small q and is the optical oscillator strength function, .df(q)
dg

df
dg

The energy transfer g may be written

g' S2

2M
[k 2&*(k&q)*2]. S2

M
k@q (29)

For a given energy transfer the minimum momentum transfer occurs when k and q are parallel and is
given by g/Sv. The differential cross section for energy transfer g then becomes

dσ
dg

'
4πz 2e 4

megv
2

df
dg

{ln qo&ln(g/Sv)} (30)

where qo is the maximum momentum transfer for soft collisions.

The oscillator strengths control the transition probability for de-excitation of the state |g) by the emission
of dipole radiation.  The differential cross section is therefore related to the optical properties of the
medium. The oscillator strengths satisfy a sum rule of the form

m
df
dg

dg'Z (31)

Defining a mean ionization potential as 

lnI' 1
Zm(lng) df

dg
dg (32)

the specific retardation ,ie the stopping power per atom, for soft collisions becomes

κs'
4πz 2Ze 4

mev
2

(lnqo&ln(I/Sv)] (33)

In the hard collision region given by qo# q# 2mv/S the interaction is described by the free electron
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Figure 1: Stopping power (solid curve) and
range (dashed curve) of α-particles in water.

approximation of Equ.(18) so that

κh'
2πz 2Ze 4

mev
2

(lngmax&lngmin)

'
4πz 2Ze 4

mev
2

[ln(
2mev
S

)&lnqo]
(34)

In obtaining Equ.(34) the Rutherford cross section for the free electron given by Equ.(18) was increased
by the factor Z to convert from an electronic to an atomic cross section. Use was also made of the fact that
the ratio of maximum and minimum energy transfers is the square of the corresponding ratio of
momentum transfers. The Bethe formula is obtained by addition of the hard and soft contributions to
obtain

κ' 4πz 2Ze 4

mev
2

@ln(
2mev

2

I
) (35)

The relationship in equation (35) indicates that the stopping power, , is explicitly determined by then̂ Tκ
charge and velocity of the particle for a given material.  For the ions of the hydrogen isotopes, (z = 1), a 1
MeV proton, a 2 MeV deuteron and a 3 MeV triton, all of which have the same velocity, will have
identical stopping powers.  Because of the velocity dependence it is convenient to describe the state of the
particle in terms of the ratio of kinetic energy to mass.  Thus all the ions in the above example represent
particles of 1 MeV/amu, where amu stands for atomic mass unit.

In the same manner it would appear that the stopping
power of a 4 MeV α-particle would be four times that
of a 1 MeV proton.  In this case both particles are 1
MeV/amu so they have the same velocity.  The ratio of
stopping powers is thus equal to the ratio of the ionic
charges.  A complication arises however.  While the α-
particle is created as a doubly charged ion, as it slows
down it may capture an electron.  A singly-ionized 4
MeV helium ion would have the same stopping power
as a 1 MeV proton.  This quandary is circumvented by
the introduction of an effective charge which is a
smooth function   of velocity.  Of course, the charge on
an individual ion is restricted to discrete values, so that
the effective charge reflects an average for an
ensemble of ions for which the individual charges are
determined statistically according to an electron
attachment probability.

The stopping power and range of α-particles in water is
shown in Fig. 1 as a function of kinetic energy.  As can
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be seen from the figure, the stopping power rises to a maximum of 230 keV µm-1 at 0.7 MeV.  Thus, on
average, energy is lost at a rate of 230 eV in a nanometer of path length.  Note that the maximum energy
transfer for a free electron collision is approximately 380 eV.  The average energy transferred is much less
than this, and calculations based on the differential cross-section indicate a value of about 60 eV, or one-
sixth the maximum.  The mean free path is thus about one-quarter of a nanometer.

The typical energy with which α-particles are emitted in radioactive decay is about 6 MeV.  As can be
seen from the figure, the range in water is approximately 50 µm.

6. Elastic Stopping

The contribution to the stopping power from elastic scattering may be calculated in a manner similar to
that for the energy absorption coefficient for elastic neutron scattering. Coulomb scattering is highly
forward directed however, so the average energy loss is small. The contribution to the specific retardation
may be written

κe'αE( ze 2

2Mv 2
)2@m(Z&F(q))2@ 1&cosθ

sin4θ/2
dΩ (36)

Introducing the target mass Mt, and substituting for α, the reduced mass M and the energy gives

κe'
2z 2e 4

Mtv
2
@m( Z&F(q)

sinθ/2
)2dΩ (37)

Notice that the effect diminishes with the target mass. This qualitatively indicates the much larger effect
of inelastic scattering approximated by collisions with an electron mass. The dependance on the ion
charge is also noteworthy. Thus the contribution becomes important for highly ionized ions such as fission
fragments.

7. Nuclear Structure Effects

In the discussion so far the nucleus has been treated as a point charge and mass. In this approximation the
nucleus is devoid of structure and possesses no excited states. A more accurate description must take into
account the internal structure and size of the nucleus, but at the energies normally encountered can ignore
the internal structure of the nucleon. Thus to fully describe the state of an atomic system it is necessary to
specify both the atomic (ie electronic) state and the nuclear state. Either one or both may be altered as a
consequence of an interaction. In general with heavy ions this is true for both target and projectile, and to
keep the discussion tractable it will be assumed that the projectile is a proton with no internal structure.

The situation is complicated nevertheless by the fact that the proton may in general interact with the target
protons through the Coulomb force, and with all the nucleons through the complex strong (hadronic)
interaction. Since the strong force is very short range, the latter interaction only comes into play when the
incident proton approaches the nuclear surface at distances less than about 1 fm. Such a close approach is
inhibited by the Coulomb repulsion. At energies below the Coulomb barrier, the strong interaction can
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only occur via tunnelling.

In the case of elastic scattering in the strict sense, both the initial and final atomic and nuclear
configurations correspond to their respective ground states, which is formally the ground state of the
composite system. In evaluating the Coulomb interaction with the nucleus the first term in Eqn(4) should
be replaced by a positive term otherwise identical in appearance to the second term. The sum for the first
term extends over the Z protons and the distance is that between the incident proton and the nuclear
protons. It is pretty straightforward to see that the result is to replace Z by FN(q), a nuclear form factor.
Because the nucleus is roughly five orders of magnitude smaller, the transform giving the form factor is
correspondingly roughly five orders of magnitude wider than that for the atom in terms of the variable q.
Thus there is a large region of q over which the nuclear form factor is approximately the constant value Z.
This is the normal situation for the usual energies encountered, although not in the high energy region.

Nuclear elastic scattering involving the strong interaction may also occur, but as mentioned above this is
usually not significant compared to the Coulomb contribution in the energy range of a few MeV.. It should
be noted that it is included as an amplitude in contributing to the differential cross section. 

Inelastic scattering through the Coulomb potential is entirely analogous to atomic inelastic scattering and
is referred to as Coulomb excitation. Roughly speaking the passage of the charged object exerts an
influence on the proton motion inducing a transition to an excited state of the nucleus. In the atomic case
the influence on the electron motion induces a transition to an excited state of the atom. Because of the
extremely large binding energy no nuclear transitions to the continuum occur in Coulomb excitation.
Again interference with nuclear force induced inelastic scattering occurs and becomes increasingly
important as the energy increases.

Major absorption processes which result from the strong interaction are (p,γ) and (p,n) reactions. The
cross sections involved are roughly six orders of magnitude less than those for atomic processes. The most
common situation that occurs in nature is that of α-particles with energies in the range of 4-6 MeV created
via decay.  Excitation of the α-particle does not occur despite the fact that it has internal structure since it
has no excited states. Nuclear reactions are limited to very low atomic number targets. Historically the
discovery of the neutron was achieved when these particles were produced by bombardment of Be by
Radium α-particles inducing the (α,n) reaction.

It is not possible to calculate nuclear cross sections from first principles. Reaction theory formalism
provides parameterised analytical forms. 

8. Electron interactions

The interaction of electrons with matter differs from the heavier ions in three ways. Firstly in the normal
energy range of up to 10 MeV the ion motion is non-relativistic while relativistic equations are necessary
to describe the electron motion. Secondly, the free electron approximation for electron-electron scattering
involves a system of identical Fermions. Finally the large acceleration involved when the electron is
subjected to external forces, such as the nuclear Coulomb force, results in radiation referred to as
bremsstrahlung.
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(a)  Moller scattering

Electron-electron scattering is referred to as Moller scattering after the physicist who first quantified the
process. The non-relativistic limit will be considered here. In this case the indistinguishability of the two
particles alters the cross section from that of Rutherford scattering significantly. The two-electron system
must form in either a singlet (S=0) or triplet (S=1) state according to the possible spins formed by
combining the two 1/2 spins of the electrons. A Fermion system must have a wave function that is
antisymmetric under interchange of the electrons. The singlet and triplet states have antisymmetric and
symmetric spin wave functions respectively. Thus the spatial wave functions must be even or odd
functions of the relative co-ordinates for the singlet or triplet states respectively. 

The wave function for the scattered state may be written as

ψ(r)'fR(θ) e ikr

r
(38)

where (r,θ,n) are the relative co-ordinates and fR(θ) is the scattering amplitude. Interchange of electrons is
equivalent to transforming from r to -r. Since z = rcosθ this requires the transformation from θ to π-θ. The
wave function in Equ.(37) exhibits no symmetry under this transformation. Symmetric and anti-symmetric
combinations may be formed using fs(θ) = fR(θ)+fR(π-θ) and ft(θ) = fR(θ)-fR(π-θ) for the singlet and triplet
states respectively. For unpolarized beams the relative probability for singlet to triplet formation is 1/3 so
that the cross section is

d 2σ
d 2Ω

'
1
4
@*fs(θ)*2%

3
4
@*ft(θ)*2

'*fR(θ)*2%*fR(π&θ)*2&*fR(θ)fR(π&θ)*
(39)

From Equ.(14) with reduced mass M=m/2 and projectile charge characterized by z=1 Equ.(39) becomes

( d 2σ
d 2Ω

)M'
e 4

m 2
e v 4

@( 1
sin4θ/2

%
1

cos4θ/2
&

1
sin2θ/2cos2θ/2

) (40)

corresponding to the non-relativistic form of Moller scattering. The second term in the above equation is
easily interpreted as resulting from the impossibility of distinguishing between the incident and scattered
particles. In the centre of mass system when one of the particles leaves at an angle θ the other leaves at
π-θ. The second term is simply the Rutherford scattering cross section for the particle leaving at π-θ. The
third term represents a specifically quantum effect, an exchange term, which would not be expected in
classical treatments. It should be stressed that unlike simple Rutherford scattering the Born approximation
in this case no longer produces the exact cross section. This is because the Born approximation predicts
only the correct magnitude of the scattering amplitude but not the correct phase. The latter alters the
Moller cross section through the exchange term.

Using the standard procedure the Moller differential cross section can be transformed to 

dσ
dg

'
2πe 4

mev
2
[ 1
g2
%

1
(E&g)2

&
1

g(E&g)
] (41)

where E is the incident energy and the range of 0 may be expressed as 0 # ε # E/2, the upper limit being
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 Figure 3 Electron impact ionization of water

determined by indistinguishability. In the relativistic region the interaction is described as the product of
the four-dimensional currents of the two electrons and the above becomes

dσ
dε

'
2πe 4

mv 2
@E[ 1

ε2
%

1
(E&ε)2

&
2γ&1

γ2ε(E&ε)
%( γ&1

γ@E
)2] (42)

where γ=(1-v2/c2)-1.

(b) Low energy inelastic scattering:

For the final state in the continuum this is often referred to as
electron impact ionization. In this region the atomic structure must
be taken into account. In the energy region where the perturbation
approach is valid, the double differential cross section is
approximated by the product of the Moller cross section with a
generalized form factor. As in the photon case, a further
simplification is to treat the interaction as occurring between the
incident electron and a single bound electron . The region in

space in which the double differential cross section exists isg&q
governed by the conditions given in Eqns(25) and (29), which can
be put in the form

 1& 1&g/E#q/k#1% 1&g/E

and is shown in Fig.2 The dashed line represents the
free electron case in which  q/k' g/E

The calculated cross section for the ionization of the 
water molecule is shown in Fig.3. Also shown are  
the contributions from the 8 electrons occupying the
4 orbitals indicated. The contribution from the two
inner shell 1s electrons is negligible.

At very low energies in the eV range, perturbation
theory is not applicable and exact solution of the
problem with a three-body final state is essentially
intractable.

(b)  Collision stopping power
The stopping power due to inelastic collisions between the electron and atom is calculated in the same
manner as for heavy ions. For hard collisions the Rutherford cross section is replaced by Eqn.(41) and a
relativistic generalization of the soft collision term is used to yield

κ' 4πe 4

mv 2
@[ln(E/I)%F &/2] (43)
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where 

F &'ln( γ%1
2

)%γ2@[1%(γ&1)2/8&(2γ&1)ln2] (44)

(c)  Radiative stopping

The phenomenon of radiation of electromagnetic energy by accelerated charge is common. For the same
electrostatic force the acceleration experienced by an electron is 3 orders of magnitude greater than a
proton. Since the radiative probability varies as the square of the acceleration, the effect is six orders of
magnitude greater for the electron than the proton in the same situation. While radiative stopping is
negligible for heavy ions it is not for the electron.

The radiative process consists of an electron transition from a higher to lower energy state, accompanied
by photon emission, in the presence of a nucleus or spectator electron. The process is essentially the
inverse of pair production except that only positive energy states are involved. The photon energy ranges
up to that of the electron.

The radiative stopping power may be expressed in terms of a radiative cross section through the defining
relation

Srad'n̂ TσradW (45)

where W = E+mc2 and nT is the target density. In the relativistic region the radiative cross section is
closely related to the pair cross section. For full screening

σrad'4αZ 2r 2
e @ln( 183

Z 1/3
%2/9) (46)

Comparison with the pair cross section in Equ.(33) for photon interactions leads to

σrad'
9
7
@κπ (47)

In the ultra-relativistic limit W•E. In addition the radiative process is dominant so that the total stopping
power, S=Scoll+Srad, becomes identical with Srad. The first term represents the collision term arising from
the retardation given in Equ.(43). From Equ.(45), using these approximations,
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dE
dx

'&(n̂ Tσrad)@E (48)

for which the solution may be written

E(x)'E(0)e &n̂ Tσradx
'E(0)e &x/X0 (49)

The quantity Xo is referred to as the radiation length and corresponds to the distance over which the
electron energy decreases by the factor 1/e. From Eqn(47), Xo=7Xπ/9 relating the radiation length to the
mean free path for pair production. This close relation reflects the inverse nature of the two processes, a
property which is of critical importance in the evolution of an electromagnetic cascade. This phenomena
may be initiated by the interaction of a single very high energy photon or electron with matter. At
extremely high energies only pair production and radiative stopping are important and both of these
processes result in type conversions of the form photon6lepton or lepton6photon respectively. Thus an
initial photon will produce an electron-positron pair each of which will in turn produce one or more high
energy photons. Repetition of this cycle is seen to lead to a multiplication of the number of photons and
electrons generated. This set of correlated photons and leptons is the electromagnetic cascade. The initial
energy is distributed over the members of the set and multiplication ceases when the average energy of the
members decreases to the point where competition from alternative interaction modes such as photon
Compton scattering and electron collision stopping become significant. 

In the non-relativistic region the radiative cross section becomes

σrad'
16
3
@αZ 2r 2

e (50)

and since W•mc2 the radiative stopping power approaches a constant. In this region collision stopping is
dominant. Typical X-ray accelerating voltages range from 50 to 250 kV corresponding to electron energies
of 0.1 to 0.5 mc2. Thus X-ray production occurs primarily in the intermediate energy region. A useful
quantity is the radiative yield corresponding to the fraction of energy radiated by an electron throughout its
history. This can be calculated from

yrad'
1
Eo

@mSraddx' 1
Eo

@m
Eo

0

Srad/S@dE (51)

The yield is of the order of 1% for an X-ray machine. A useful approximation is that the ratio of radiative
to collision stopping power is Srad/Scoll•ZE/(1600mc2).

9. Relation between stopping power and dielectric response

The retarding force, or stopping power, exerted on a particle moving through a medium may be written
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dE
dx

'&zeõ@v/v'ze«φ@Ω (52)

where ze is the particle charge, õ is the electric field induced in the medium by the particle and v is the
particle velocity. In the second equality the field is replaced by the scalar potential φ. From Poisson's
equation the potential satisfies

L2φ'&ρ(r,t)/ε (53)

where ρ(r,t) is the charge density of the particle and 0 is the dielectric permittivity of the medium.

Since the charge density represents a particle of charge ze moving at velocity v, in the point particle
approximation

ρ(r,t)'zeδ(r&vt) (54)

The analysis of the above equations is performed using Fourier transforms. The potential may be written

φ(r,t)'mφkωe i(k@r&ωt) d 3k
(2π)3

dω
2π (55)

so that Poisson's equation yields

φkω'k &2ρkω/ε (56)

From Equ.(53) the Fourier component of the singular charge density is

ρkω'2πzeδ(k@v&ω) (57)

The potential function may now be written

φ(r,t)'zemk &2ε&1e ik@(r&vt) d 3k
(2π)2 (58)

and its gradient at the site of the particle (r=vt) is

Lφ'zem
ik
εk 2

d 3k
(2π)2 (59)

From Equ(51) the stopping power becomes 

S' (ze)2

(2π)2 m
ik@v
εv

d 3k
k 2 (60)

Further analysis rests upon the requirement that ω = k"v so that if u represents the cosine of the angle
between k and v then 
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u'ω/kv (61)

and d 3k'2πk 2dkdu'2πkdkdω/v (62)

The domain of the frequency variation extends from -kv to kv so that from (59) and (61)

S' (ze)2

πv 2
@m
4

0

dk
k m

kv

0

Im(&ε&1)ωdω (63)

It is to be noted in the above equation that the imaginary part of the inverse of the dielectric permittivity is
taken and the frequency integral is evaluated as twice the integral over half the range on grounds of
symmetry. Information regarding this quantity is determined largely by optical measurements.

The forgoing analysis is particularly important for condensed media. Qualitatively, consider the
passage of a positively charged particle through a dielectric such as water. At any instant the charge from
the particle will exert an attractive force on the electrons and a repulsive force on the nuclei of the
medium. This must lead to the induction of a dipole distribution around the particle, varying in density
with distance from the particle. As the particle passes any point the electric potential first rises and then
falls, so that the molecules near the point experience a time dependent perturbation. In a gas, it is possible
to treat each molecule as behaving independently to a good approximation. In the condensed state
however, the perturbed molecules interact with each other, and the response of the entire system must be
considered. The stopping process is then referred to as a collective effect, described by the induction of a
polarization density varying both in space and time. In the classical harmonic oscillator approximation, the
passage results in a transient leaving the dipoles to undergo damped oscillations in their normal modes.
The induction of dipoles of course also occurs as a result of the interaction between a medium and a
photon field. Again from the classical point of view, the harmonic oscillators now experience a forced
vibration at the frequency of the light associated with this field. The collective interaction manifests itself
in the index of refraction which is itself determined by the dielectric permittivity. It is here that one sees
the close collection between the optical behaviour of the medium and charged particle stopping. Of course
this perspective is limited to energies for which ionization is not a dominant mode. In general then, the
methodology is used to determine the low energy behaviour of the collision stopping power. It is also
necessary to continue the permittivity, or more specifically, the oscillator strength function into the g-q
plane since the optical measurements are essentially for the g=Sω, q=0 axis.

From the perspective of quantum physics, it is necessary to take the collective electron structure of
the medium into account, in which the outer electrons become delocalized and the level structure forms
bands. A major collective mode is the plasma oscillation, which as discussed earlier may be visualized as
an oscillation of the electrons with respect to the relatively inert positive charge. The dielectric response
for a condensed medium represented as an electron gas is given in terms of the plasma frequency, and this
approximation has been used to estimate low energy stopping powers.

Both the dielectric response function, and the generalized oscillator function (GOS) which may be
derived from it represent empirical quantities which summarize the relevant behaviour of condensed
systems. The GOS for liquids such as water, and ethanol rises from the ionization threshold to a 
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1
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1
E m
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Eth

µ̂ ion(EN)
S(EN)

dEN (64)

maximum at about 20 eV, then tails off roughly exponentially forming a broad asymmetric peak skewed
toward high energy with a half width of about 15 eV. The peak position is about that expected for the
plasma oscillation, but this identification is tentative.

An important feature of condensed matter is the effect of density on the mass stopping power,
which becomes significant in the relativistic region. The effect results from the action of the density-
dependent induced dipole field which reduces the Coulomb interaction, and the Lorentz contraction which
makes the contribution to the stopping power from distant collisions increasingly more significant with
increasing energy. For the heavy ions normally encountered, the effect is negligible, but of course this is
not the case for electrons. In water, the effect is about 1.5% at 1MeV, but increases to about 20% at 10
MeV.
    
It is also important to note that the ionization process now corresponds to excitation of electrons into the
conduction band. When the electron is initially delocalized this creates an electron hole pair both of which
may be considered mobile. It is this initiating process which of course is fundamental to solid state
radiation detection and dosimetry.  The relevant quantity, W, corresponding to the average energy required
to create an electron ion pair in a gas, or an electron hole pair in condensed matter is given by

where the lower limit of integration is the ionization threshold. Since W is typically an order of magnitude
lower in condensed systems a much larger amount of charge is created in particle stopping than in a gas.
The associated larger signal, and in particular the reduced relative statistical fluctuations, provides higher
energy resolution in solid state detectors than in pulsed ionization counters.
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            Figure 4. Electrons in Water

   Figure 5. Electron Range in Water

7. Numerical Results

The values of the mass stopping power and its components
the collision and radiative mass stopping powers for electrons
in water are shown in Fig.2 over the energy range of 10 keV
to 100 MeV. Below about 3 MeV the collision process is
dominant. For energies greater than about 0.4 MeV the
collision stopping power is roughly constant at 2MeV"cm-1,
essentially because this quantity is largely determined by the
projectile velocity which has approached c at these energies.
The radiative stopping power is nearly constant in the energy
range less than 0.1 MeV because the rest mass energy is the
dominant contribution to the total energy in this region. In the
energy region above about 1 MeV the radiative stopping
power increases linearly with energy since in this region the
kinetic energy term begins to dominate over the rest mass
energy. The radiative stopping power is equal to the collision
stopping power at about 90 MeV, a point sometimes referred
to as the critical energy. Below the critical energy cascade
processes are strongly quenched. For lead the critical energy
is only 10 MeV because the radiative process is enhanced
relative to the collision process as a result of the higher atomic number.

The dependence of the mass collision stopping power on the properties of the medium is determined
primarily by the ratio Z/A as in Compton scattering and only weakly by the mean excitation energy since
the latter appears logarithmically. Thus this quantity at a fixed energy is relatively independent of material.
For example at 1 MeV the values are 1.8, 1.5 and 1.3 MeV"cm2"g-1 for water, Al and Cu respectively. The
major effect on the collision stopping power is density.

The range of electrons as calculated in C.S.D.A. for electrons
in water is shown in Fig. 3. At 10 keV the range is only 2.5
µm or roughly the size of a cell nucleus. At 1 Mev, typical of
the energies produced by naturally occurring γ- and
β-radiation the range is some 4 mm. In the therapeutic range
of tens of MeV the range is of order 10 cm.

For comparison the range of protons in water is illustrated in
Fig. 6. Because the mass is so much  larger than that of the
electron, the proton velocity is consequently
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            Figure 6.. Protons in Water

much smaller than for an electron at the same energy. The stopping power is very much  larger so that the
particle is referred to as densely ionizing or highly ionizing. This follows from the fact that the number of
ion pairs produced per unit path length is directly proportional to the collision stopping power. As can be
seen from the figure the large stopping power results in a very short range. Thus the range at 10 keV is
only about 3000 D increasing to roughly 30 µm at 1 MeV and finally reaching a millimeter at 10 MeV.

  
It is an important fact that the range of other heavy charged
particles in a given material may be estimated 
from those of the proton in the same material. This follows
from the fact that the stopping power depends only on the
velocity and hence on the ratio of energy to mass, 

S'z 2@f(E/M) (65)

In the above z is the ion charge.  Similarly the CSDA range
can be written in the form

R'M@g(E/M)/z 2 (66)

According to this relation the range of a 3 MeV triton is three
times the range of a 1 MeV proton while the range of a 4
MeV α-particle equals that of a 1 MeV proton. It should be
noted that the csda range is first of all an expected value and
individual track lengths will exhibit statistical fluctuations
about this value, a phenomenon referred to as straggling. Secondly near the end of the track as the particle
slows down near thermal energies it may capture electrons thus reducing the charge state z. This may be
incorporated into the theory by making z a function of velocity, as discussed in section 4.
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[A,B]'AB&BA (1)

[P,x]ψ(x)'&iS( d
dx

xψ(x)&x d
dx
ψ(x))'&iSψ(x) (2)

[P 2,x]'&2iSP (3)

[x,[P 2,x]]'2S2 (4)

H'
P 2

2m
%V(x) (5)

[x,[H,x]]' S2

m
(6)

<0*[x,[H,x]]*0>' S2

m
(7)

DIPOLE ENERGY WEIGHTED SUM RULE

This is the simplest, albeit formal derivation of which I am aware. I am assuming a one-electron system.
For Z electrons the sum rule holds for each independently.

Background-Commutators

Recall that all physical variables are represented by operators operating on spatial functions. The result of
a sequence of two operations generally depends on the order in which they are performed, and they are
said generally not to commute. A commutator is defined through

In actually evaluating commutators one has to be careful to actually include a function to be operated on.
Thus consider the famous example of [P,x] where P is the x component of momentum.

Theorem

Repetition of this approach gives

so that

Now the energy operator or Hamiltonian is given by

The coordinate x commutes with the potential since both operations are simply multiplications. We thus
find

The theorem expressed by Eq(6) indicates that the operator given by the double commutator on the left is
merely a constant. Hence the expectation value with respect to the ground state must satisfy

Equation (7) is the fundamental relation upon which the sum rule is based.               
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ψ(x)'j anψn(x) (8)

*ψ>'j an*n> (9)

<m*n>'δmn (10)

*ψ>'j *n><n*ψ> (11)

j *n><n*'I (12)

<0*2xHx&x 2H&Hx 2*0$ S2

m
(13)

0*2xHj *n><n*x*0>&<0*xj *n><n*xH*0>&<0*Hxj *n><n*x*0> (14)

H*n>'En*n> (15)

Background - Completeness
The set of all eigenfunctions, ψn(x) or *n> in Dirac notation, comprise a complete basis. By this is meant
that any function can be expanded in terms of the eigenfunctions in the form

or in Dirac notation

The principle is the same as that for the simpler case of the three-dimensional space generated by the unit
vectors along the three orthogonal directions of a Cartesian coordinate system. It is then intuitively clear
that any vector in this space can be expanded in terms of its three orthogonal components each of which is
represented as a number multiplying the corresponding unit vector. Because the basis vectors are
orthonormal ie

Eq(9) indicates that the component an=<n*ψ> so that it follows that it can be rewritten

Written in this way it is possible to conclude that the quantity
 

where I is the identity operator. This quantity can therefore be inserted to advantage in expression (8).

Derivation of Sum Rule
From Eq(7)

Making use of Eq(12)

The eigenfunctions of the Hamiltonian satisfy

Using Eq(15) and recognizing that operation with H and summing may be interchanged, the first term in
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2j En*<n*x*o>*2 (16)

j E0*<n*x*o>*2 (17)

<0*Hx*n>'<0*Hj *m><m*x*n>'j Emδm0<m*x*n> (18)

j (En&E0)*<n*x*0>*2'
S2

2m
(19)

fn'
2m
S2

εn*<n*x*0>*2 (20)

j fn'1 (21)

Eq(14) becomes

Similarly the second term becomes

The third term requires a bit more attention. Consider the factor

                  

Thus the third term becomes identical to the second. Eq(14) then becomes

If the excited state energy is measured from the ground state, say εn = En-E0 the oscillator strength for the
nth state becomes

then the sum rule is

The derivation is not really restricted to discrete states but extends to the continuum, in which case the
oscillator strength function is used and the summation becomes an integral. It is the sum over all bound
states plus the integral over the continuum which satisfies (21). 
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Summary

Elastic scattering: a+T6T+a      Atomic and nuclear-written as T(a,a)T

Inelastic scattering: a+T6T*+a’   Final atomic bound state
a+T6T*+a’+  Final atomic continuum statee &

T(a,b)V nuclear absorption
T(a,a’)T  nuclear inelastic scattering final bound state
T(a,a’b)V nuclear inelastic scattering continuum bound state.

+T6T+2  electron impact ionizatione & e &

+T6T+ +γ radiative stoppinge & e &
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PROBLEMS FOR DISCUSSION
(CHARGED PARTICLE INTERACTIONS)

1. In Bohr's original treatment a heavy charged particle is assumed to move undeviated along a
straight line past an electron with which it interacts.  Based upon this approximation, explain the
statement that δ-rays are emitted primarily perpendicular to the particle track, a statement which
appears frequently in the literature.

2. A 10 MeV proton beam is incident on a 5 mm. thick Al target.  Assume an average constant
stopping power of 80 MeV.cm-1.  The proton may undergo nuclear reactions with the target.  The
reaction cross-section in mb may be written:

' 0 0#E#5MeV
σ(E) ' 2.5(E&5)/ε 5MeV#E#6 MeV

' 2.5 E>6MeV
5 — Ε ˜ 6 MeV

where ε = 1 MeV.  Assume the mean-free path for this reaction is very much larger than the range. 
Estimate the nuclear reaction rate if the proton flux is 10 14 sec-1.

3. (a) Suppose the final state *ε) in the generalized oscillator strength function is represented by a
simple plane wave corresponding to a free particle with energy ε.  Show that the strength
function only exists near the elastic scattering point in the ε-q place provided "ε is large
enough".

(b) Consider inelastic scattering from hydrogen.  For small momentum transfers, what angular
momentum would you expect the ionized electron to have?

4. An X-ray machine has an accelerating potential of 100 kV and a tungsten target.  Roughly 10% of
the total power radiated is extracted.  If 1mW of extracted radiated power is desired calculate the
power input to the machine, and the beam current required.

5. An attempt has been made to fit the range energy relationship to the form R(E) = C C En  where C
and n are fitted parameters.  What would the form imply about the stopping power?

6. If during bombardment by α-particles, 104 secondary electrons with energy between 1keV and
2keV are produced per second, how many electrons with energy between 0.3 keV and 0.8 keV are
produced?  Assume Rutherford scattering in the free-electron approximation.

7. Calculate the oscillator strength, fε, for the single particle transition between the ground state and
first excited state of an infinite square well.


