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(Notes 5)

5.  PHOTON INTERACTIONS

1. Introduction

One of the most common interactions occurring in nature involves the interaction of the photon
with matter. The photon is neutral and the photon radiation field is referred to as indirectly ionizing. The
interaction with charged objects occurs via the electric and magnetic fields associated with the photon.
These are most conveniently represented by a vector potential and as outlined in section 2 the energy of
interaction is approximately determined by the scalar product of the vector potential and the generalized
momentum vector of the charged object, although the term quadratic in the vector potential is important
in scattering. The major interactions are with the atomic electron system and as regards the cross section,
interactions with the protons of the nucleus may be ignored to a good approximation. Photonuclear
interactions do occur at sufficiently high energies but with a very small cross section.

The first attempt to calculate the cross section for the interaction between an electron and photon
was made by Thompson. This was of course a classical calculation in which the electron was considered
to oscillate as a result of the electric field and radiate as a dipole. The acceleration of the electron
produced by electric field E is eE/m. The power radiated per unit solid angle is then

where Θ is the angle between the direction of emission and the electric field inducing the dipole. The
energy flux density is E2c/4π, so division of the power by this quantity gives the differential cross
section.

 The directions of the incident and scattered photons define the scattering plane. Two cases are
now defined. In the first case, the incident photon is polarized perpendicular to the scattering plane so
that Θ=π/2. In the second case the incident photon is polarized in the scattering plane. Since the photon
polarization is perpendicular to the direction of propagation, in this case  Θ=π/2-θ, where θ is the
scattering angle. For unpolarized radiation, it is necessary to average over the two polarizations giving
the differential cross section
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In the above equation re is the classical radius of the electron and defined as e2/mec2 with numerical value 
2.818 fm. Integration of (1) gives the total Thompson cross section for which the value is σT = 0.6653 b.
Since the photon carries momentum,  the electron will recoil and the scattered photon energy will
thereby be reduced. This aspect was not dealt with in the original treatment. At photon energies « ,mec

2

the recoil energy is negligible and the scattered energy is equal to the incident energy to a good
approximation.

The above calculation is for the fictitious situation of an isolated electron at rest acted upon only
by the electromagnetic field associated with the photon. To proceed further it is necessary to take into
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account that the electrons in matter are also interacting with neighbouring nuclei and electrons through
the Coulomb force. The nature of this interaction depends upon the detailed nature of the medium under
consideration. The simplest case is that of a dilute gas in which case the medium in general may be
treated as consisting of an ensemble of non-interacting molecules. The photon may then be considered to
interact with the individual molecular system. Restriction to ionizing radiation is equivalent to
specifying the region of the electromagnetic spectrum considered to be that with energy greater than 12
eV. It is instructive to consider the behaviour throughout the entire spectrum before restricting the
discussion to this energy region..

From the classical perspective, any system in equilibrium will respond to small disturbances in
the same manner as a harmonic oscillator. So long as the frequency of the applied electromagnetic field
is low enough that the corresponding wave length is large compared to the size of the molecule, the
electric field will be uniform over the molecule. For atoms this condition is satisfied for energies up to
roughly 100 eV, in the region of soft X-rays. At this energy the wave length is typically two orders of
magnitude greater than the atomic diameter. While there is no net force on the neutral atom or molecule,
clearly the force exerted on the nuclei is oppositely directed to that on the electrons, effectively a
condition with the tendency to tear the system apart.

In the case of weak field strengths, corresponding to small photon densities and relatively low
frequencies, the system will generally undergo forced oscillations, with the electrons moving in the
opposite phase to the nuclei, producing an oscillating dipole moment. Again at low frequencies where
the wave lengths may be as large as kilometres, clearly all the molecules will be oscillating entirely
coherently in any reasonable sized region. The electric field produced by the oscillating molecules is
superimposed upon the applied field to produce a total field with characteristics determined by the
ensemble of molecules constituting the propagating medium. Since no physical system can respond
instantaneously to an external stimulus, the oscillations induced lag behind those of the external field,
resulting in a reduction of the wave phase velocity compared to the value in vacuuo. In addition, if  some
of the energy of oscillation is converted to a different form then the wave becomes attenuated as it
propagates. It should also be mentioned that in the case of molecules with a permanent dipole moment,
rotational motion can be induced.   

The system will respond more strongly if the frequency of the applied field corresponds to a
resonance frequency. Such resonances occur in the optical region. For molecules additional resonances
occur in the infra red and even microwave regions. To examine the situation more quantitatively,
consider the response of an electron subject to a linear restoring force, a dissipative force proportional to
velocity and an oscillating electric field. Then the equation of motion is

Letting  with a similar relation for x , the amplitude of the oscillation becomesE'E0e
&iωt
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If the number density of such systems is N, each with oscillating dipole moment ex  then the induced
polarization per unit electric field becomes 

It should be emphasized that the above was obtained using the approximation
, based upon the assumption that the resonances are narrow. This leadsω2&ω2

r'(ω&ωr)(ω%ωr).2ω(ω&ωr)
to a dielectric constant given as ,which has real and imaginary components. The index ofε'1%4πχ
refraction is the square root of the dielectric constant, and for small effects the real part of the dielectric
constant is approximated as unity. This gives 

The wave vector has magnitude nω/c and hence has an imaginary component, leading to an attenuation
of the electric and magnetic fields. Since the photon density is proportional to the square of the field
amplitude, the linear attenuation coefficient is twice that for the fields giving . Letting  beµ'4πωχi/c fr
the number of atomic electrons at resonant frequency , and summing over all modes givesωr

The quantities  are called the oscillator strengths.fr

As the frequency increases the photon energy increases. This leads to the classical description of large
field strengths even for low photon densities. It then becomes possible to ionize an atom or molecule
with a single photon interaction. The onset of this process occurs in the ultraviolet region. As mentioned
above the conventional limit of 12 eV corresponds to a wavelength of approximately 100 nm. In the case
of molecules a competing process of dissociation may occur. The results above can be extended to this
region, which from the quantum mechanical viewpoint corresponds to the continuum..The resonant
frequencies are then considered to be continuously distributed. Essentially this can be thought of as
being very closely spaced with respect to the frequency resolution of observation. Then if the oscillator
strength from the group of resonances near  is  the contribution to the cross section isωr dfr

The oscillator strength function is now introduced. Again making use of the fact that only resonant
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frequencies near to ω will contribute the cross section is approximated by

Assuming the derivative is constant over the range of significant frequencies centred around  ω,

The value of the integral is 2π. Converting from frequency to energy, the cross section becomes

The cross section is thus directly linked to the oscillator strength function. When the density of atoms or
molecules becomes large enough, as is the case in condensed matter, interactions between them become
important and the assumption of independent behaviour is no longer valid. The system responds to the
field in a collective manner. In particular the outer electrons become delocalized., with a band structure
energy spectrum. An important collective response is referred to as a plasmon mode. If one envisages the
delocalized electrons as an electron gas in which are imbedded positive ions, then analysis shows that
the system can undergo a collective oscillation in which the electrons vibrate with respect to the positive
ions.
As a rough analysis consider the equation of motion of an electron in an electric field

For a longitudinal wave with no magnetic field the Maxwell-Ampere equation becomes

where n is the electron number density. Combining these gives

The velocity thus oscillates at the angular plasma frequency of . The corresponding energy in4πne 2/me
eV can be written
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For water this would lead to an energy of about 22 eV. For many condensed matter systems the oscillator
strength function is characterized by a broad peak at the plasma energy.

2. Spontaneous Emission

       The emission of a photon by a system in an excited state is extremely common, ranging from the
microwave region for some molecular rotational levels to gamma-rays for nuclei. For simplicity consider
the photon decay of the first excited state of an atom, designated *i,, at energy E0 =Sω0 to the ground
state, designated   *0,. The atom will be assumed to be initially at rest. The final state then consists of the
atom in the ground state and a photon with momentum p=SkN. The momentum transferred to the atom is
given by Sq=-p. Introducing the atomic rest mass energy, Mc2 and the photon energy  conservationEγ'pc
of energy gives

The first order solution to the above is

The second term on the right represents the recoil correction. For an atom with atomic mass A, the rest
mass energy is roughly 939A MeV, while atomic energy levels are of the order of 10 eV making the
recoil correction roughly 5x10-8/A eV which is essentially negligible. In general, it is common for this
energy range to treat the atom as having infinite mass, so that momentum is conserved with no recoil
energy involved. The photon energy is then simply E0 to an excellent approximation. Even for the case of
the 1.17 and 1.33 MeV γ-rays from 60Co the correction only amounts to about 80eV, treated as single
emissions, although the details are somewhat complicated by the correlated pair. In all practical cases the
recoil correction may be considered negligible with respect to the transition energy so that the magnitude
of the photon wave vector may be written kN=ω0 /c.

The matrix element for the transition can then be written



1Actually this is not strictly correct, the momentum is the generalized momentum.
Nevertheless, a rigorous derivation is equivalent to this approach.
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where the ratio of momentum to mass has been written as velocity and g is a unit vector in the direction
of the polarization1. The square root factor is the magnitude of the vector potential as described in
section 2.  Taking g=Lx the matrix element will only involve the x-component of velocity. The power in
the exponential term has a magnitude controlled by the ratio of the atomic radius to the wave-length of
the photon, which is of order 10-3. It is therefore possible to make the dipole approximation, also referred
to as the optical limit, and set the exponential to unity. The time dependant behaviour of the matrix
element of x is oscillatory with frequency ω0. Since the velocity is the time derivative, it is not
unreasonable that +0*vx*i,=iω0 +0*x*i,, a result which can be shown rigorously.  The density of final
states can be written

The transition probability is then

where αe is the fine structure constant, e2/Sc. More generally the transition probability is averaged over
the three coordinates giving in compact form

where

 

A common situation is that of a single particle transition where only the valence electron changes state.
In this case only one term in the sum is involved. For simplicity this approximation will be assumed.

For historical reasons outlined in the introduction the standard for transition probability is that for
an electron transition from the first excited state to the ground state of a simple harmonic oscillator. The



(NOTES 5)  page 7

+0*x*1,' S
2meω0

(23)

f'
2meω0

S
*+0*x*i,*2 (24)

λSHO'4παe(
E0

mec
2
)E0/h (25)

ψi'
1

4 2π
( 1
a0

)3/2( r
a0

)e &r/2a0cosθ

ψf'
1
π

( 1
a0

)3/2e &r/a0
(26)

matrix element for this case is

The oscillator strength of an atomic transition is then defined as the ratio of the transition probability to
the transition probability for a harmonic oscillator with the same energy. In one-dimensional form it can
be written 

in which case it becomes a dimensionless measure of the square of the particular matrix element. Again
for a particular transition the average over the three directions must be taken. This will be written fe.

Combining Eqn (20) and (23), and replacing angular frequency by energy the simple harmonic oscillator
transition probability may be written

Since all terms except E0 /h are dimensionless the transition probability is clearly equivalent in
dimensions to frequency. To obtain the transition probability for a transition for which the oscillator
strength fe is known the product  λSHOfe is calculated.
  

To illustrate the procedure consider the  2p(m=0)61s transition in the hydrogen atom. The initial
and final wave functions may be written

The coordinates x,y,z must now be written in spherical polar coordinates. The coordinates x and y depend
upon the azimuthal angle through cosφ and sinφ respectively while both wave functions are independent
of this variable. Since the matrix element involves integration over 2π in the azimuthal angle the matrix
elements for x and y will both vanish. It is only necessary therefore to consider the matrix element of
z=rcosθ. Substituting this the matrix element becomes
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Evaluating the square of the above gives .   Substituting in Equ(24) for the square of the matrix0.555a 2
0

element , the oscillator strength becomes

where Eb is the hydrogen binding energy, 13.6 eV. Since the ratio of the transition energy is 3/4 of the
binding energy this gives f =0.416.  Substituting E0  =10.2 eV into Eqn(25) gives λSHO=4.53x109 s-1.
Multiplying by 0.416 and dividing by 3 gives a transition probability of 6.28x108 s-1. The inverse,
corresponding to the level lifetime, or mean life is then 1.59 ns. Of course in general the atom may be in
any one of the three possible magnetic substates. The transition probability is then the average over the
three possible states. For the hydrogen atom, in the non-relativistic approximation all three states have
identical transition probabilities. For absorption there is one initial state and 3 final states so that f
=0.416 is the oscillator strength for absorption.

3. Lineshapes

Photon decay of a level at E0  with a transition probability λ implies that the probability of
observing an atom in the unstable state must decrease exponentially with time. This can be incorporated
into the quantum mechanical formalism by writing the wave function of the excited state in the form

where . The time dependence can be transformed to a frequency dependance asω0'E0/S
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This leads to a probability density

The distribution can also be written in terms of energy E=Sω rather then frequency as

where  is the level width. Eqn(32) describes a Lorentzian distribution which is peaked at the levelΓ'Sλ
position E0 with a full width at half maximum of Γ. Since the ground state is stable, the lifetime is
infinite and the level width is 0. Thus the spectrum of photons emitted in the decay is also distributed
according to Eqn(32), and since this spectrum is historically considered a line, the distribution is referred
to as the line shape.  The situation is slightly more complicated for transitions between two excited states
since in this case both the initial and final states are unstable and have level widths. In general the line
width equals the sum of the widths of the initial and final states. It is noteworthy that the width of the
lineshape provides another parameter against which to refer the recoil energy. If the recoil energy is
negligible with respect to the line width, then for the decay of a level to the ground state, the photon
energy overlaps the excitation energy of the level. In this case the photons may interact resonantly with
atoms of the same type. This cannot occur with significant probability if the recoil energy is large with
respect to the line width. Such consideration are particularly important in laser applications since the
resonant interaction with an atom in the excited state results in stimulated emission. If the atom is in the
ground state the interaction is absorption. Once the concept of an energy distribution, rather than a
discrete energy, is associated with a state, the wave function in Eq(30) or its equivalent in energy,
involves a change in dimension. The wave function would now be described by units of cm-3/2eV-1/2. The
same situation applies to a state in the continuum, since again there is no unique energy, and the squared
magnitude of the wave function must represent a joint probability density over space and energy.

4. Photoabsorption

This process is essentially the inverse of spontaneous emission. When the final state is bound,
then a photon of the same or less energy will eventually be emitted, so the process is not really
absorption in the general sense here, but rather resonant scattering. When the final state is in the
continuum, photoionization occurs, which is true absorption.The simplest situation to consider is that in
which a photon is absorbed by a target in the ground state causing a transition to an excited state at
energy E0 = Sω0. If the final state were indeed uniquely defined in energy, then only photons with
precisely the energy E0 could be absorbed.  This is in fact not the case since the excited state will not be
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stable against decay to the ground state, the inverse transition.  Unstable states may be considered to be
characterized by complex eigenvalues of the form

Ê'E0%
iΓ
2 (33)

where Γ is the level width. This leads to the Lorentzian distribution of Eqn(32).

In the absorption process the interaction matrix element magnitude for the transition probability
is the same as for spontaneous emission. Since the photon is now part of the initial state the density of
states factor of Eqn(19) is replaced by unity. The absorption form of the vector potential is used. An
average is taken over the two polarization states of the incident photon, and the energy distribution of the
final state is included. The cross section is obtained by dividing by the photon flux.. 

The cross section for absorption of a photon of energy E = Sω, by a target in its ground state,
leading to excitation of the state at E0 may be written

σ(E)' πc 2

2ω2
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(E0&E)2%Γ2/4 (34)

This cross section exhibits the resonance behaviour reminiscent of a tuned oscillator, as outlined
classically in the introduction.  The absorption rate per target atom available (i.e. in the ground state)
may be written

dnab

dt
'mn(E)σ(E)dE (35)

If over the region of energy for which the cross section is significant, the flux does not vary appreciably,
the above is given approximately by
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This is the usual situation so that the integrated absorption cross section is often used to characterize the
process.  Note that this quantity has dimensions of the energy-area product.  The integrated cross-section
is related to the oscillator strength by 
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The latter equality follows from integration of Equ. 34 with ω approximated by ω0. 
The integrated cross section also plays a role in the determination of average cross sections. 

Consider an energy region E 1 # E # E2 containing N levels at energies {Er , r = 1, N}.  If these are spaced
at intervals less than the typical width the variation of cross section with energy will become smooth and
an average cross section is defined as
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The extent of the energy region required is dictated by the necessity to include a sufficiently large number
of levels, N.  The latter is given by
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where  is referred to as the level density.  For regions of high level density the requirement can bedN
dE

achieved for E2-E1 << E1.  The region can then be designated E to E + ∆E and the explicit energy
dependence of each cross section is calculated using Er . E for all r.  Then
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This is consistent with the classical result in Eqn(11). The result extends to the continuum. 
For atoms photoabsorption in the continuum is essentially synonymous with photoionization. In

the case of molecules, the simple ionization process is in competition with molecular dissociation. In
Fig.1 the photoabsorption cross section for water is shown for the region above the ionization threshold at
12.4 eV.  The threshold for photodissociation to the H and OH radical occurs at 5.1 eV. In the region
between 5.1 eV and 12.4 eV the cross section is characterized by broad absorption bands with maxima of
about 6 and 10 Mb at 7.5 and 9.7 eV. The fraction of the cross section due to ionization climbs from
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      2. The Photoelectric Process
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                     1. Photoabsorption in H2O

about 0.3 just above threshold to nearly 1 above 20 eV. Below the photodissociation threshold, the
absorption process is of necessity followed only by de-excitation to lower energy states by photon
emission. Notice the sudden increase as the photon energy increases above the binding energy of the K-
electrons at 540 eV. These electrons are essentially bound to the oxygen nucleus and are not strongly
effected by the molecular binding. In this case, the photon may be considered to interact directly with the
K-electrons rather than with the atom as a whole, and the process is generally referred to as the
photoelectric effect.

5. The photoelectric effect
As indicated in Fig.2 this process is characterized by the absorption
of an initial gamma ray with energy Eγ by an electron with initial
energy -Eb. The negative energy of the electron indicates that it is
bound to the atom while the magnitude represents the binding or
ionization energy. Because the atomic rest mass energy is large
compared to Eγ the recoil energy required by momentum conserva-
tion is negligible and the energy of the electron in the final state is
Eγ-Eb. Provided this is positive the process can occur and the
electron is ejected thus ionizing the atom. The process is thus
characterized by a threshold for ionization of the particular electron
involved. For energies higher than the K-electron binding energy the
contribution to the process from this shell is greater than 80% so
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that it is the K-shell process that will be described in most detail. The initial state is described by an
incident photon with energy Eγ and wave vector kγ together with a K-electron bound to the nucleus of
charge Z and remaining Z-1 electrons. The latter comprises the ion and the final state corresponds to a
free electron of energy Ee and momentum p=Sk  together with this ion. The wave function for the K-shell
electron is

 ψK'
1
π

( Z
a

)3/2@e &Zr/a
(41)

The wave function for the electron in the final state corresponds to the unbound solutions to the wave
equation for a Coulomb field corresponding to the nucleus screened by the remaining electrons. It can be
shown that at sufficiently high energies Coulomb distortion may be neglected and the final state wave
function is then simply eik·r. The density of states factor can be written
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The interaction Hamiltonian is the scalar product between the electron momentum and the absorption
vector potential. The dipole approximation is no longer generally valid. The differential cross section is
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where θ is the scattering angle. This expression relies on the photon energy being large with respect to the
electron binding energy so that the electron kinetic energy can be approximated by Eγ, while at the same
time the situation is non-relativistic, with the electron velocity being negligible with respect to c.

Calculation of the total atomic cross section by integration over solid angle and multiplying by a factor of
two to allow for the two K-electrons gives
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mec

2

Eγ

)7/2 (44)

The cross section calculated on the basis of equ.(44) is shown as the dotted line in Fig.3. Since the cross
section rises abruptly from zero at the binding energy this feature is referred to as the K-edge. This
evaluation becomes inaccurate at energies near the binding energy because of the Coulomb distortion
and at high energies because of relativistic effects. Coulomb  distortion may be accounted for by
multiplication of the above with a monotonic function of the parameter ξ=Ze2/Sv.  The function has the 
limiting value of approximately 0.12 at the K edge for which ξ=4 and unity at high energies as ξ60. In
the extreme relativistic limit the cross section behaves as 
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3. K-Photoelectric Cross Section 
                       of Ca

         4. Elastic Scattering 
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The exact shape of the cross section for photoelectric absorption
by the K electrons in Ca is shown as the solid line in Fig.3. Note
the departure near the K edge due to the Coulomb distortion and
the trend towards a slower energy variation at higher energies.
Photoelectric emission can also occur for higher shells but only
accounts for approximately 20% of the cross section for γ-ray
energies exceeding the K binding energy. The additional
contribution in heavier atoms is produced by the L-electrons
which can be treated in the same manner.

As described in the previous section the interaction between
electrons in multi-electron targets complicates the analysis
considerably.  The photoionization cross section for the more
loosely bound outer electrons rises gradually as the photon
energy increases beyond the threshold, in contrast to the
abruptness exhibited for the K and L electron photoeffect. In
addition oscillations in the K and L cross sections in the vicinity
of the edge are produced corresponding to resonant-like effects.

A phenomenon involving inter-electron interaction is the
existence of auto-ionization states.  These are states
corresponding to multi-electron excited states with energies
greater than the ionization energy.  As a specific example, consider the helium atom.  The ground state
configuration is 1s2.  The energy of the excited state 2s2, in which both electrons are excited from the K
to L shell exceeds that required to produce a 1s, He+ ion.  Because of the inter-electron interaction, such
states couple to the continuum resulting in ionization, and leading
to resonances in the cross section.. 

6. Elastic scattering

As indicated in Fig.4 in the elastic scattering process a
photon with initial energy Eγ and wave vector kγ is absorbed by the
atom. The latter de-excites by the emission of a photon with wave

number  . As with the photoelectric effect conservation ofk r
γ

momentum requires that the atom recoil. However in this case as
well the recoil energy is extremely small since the atomic rest
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mass energy is large compared to Eγ. The final state of the atom is identical to the initial state, normally
the ground state.

Since scattering entails the absorption of the initial photon and the creation of the scattered
photon it is a second order process. The first term in the interaction Hamiltonian, p·A is first order and
contributes through a second order expansion. The second term ,A2 , is intrinsically second order and its
contribution can be treated by first order theory..The contribution from the first term is essentially
equivalent to the classical description of the atom as a set of harmonic oscillators, a situation first treated
by Rayleigh. Physically, absorption of a photon below the dissociation or ionization threshold must
result in the photon decay of the intermediate state formed. If the decay is to the ground state the process
is elastic scattering. If it is to an excited state it is inelastic scattering, referred to as Raman scattering.
The elastic scattering cross section is written

when only the first term is considered. Eqn(46) is a generalization of Eqn(34) in which all excited states
Ei are taken into account. If the photon energy satisfies i then this becomesE «Ej

Since the level widths vary as ω3 then it follows from Eqn(47) that for this region the cross section varies
as ω4.

In the high energy region well into the continuum the second term dominates. The square of the
vector potential must however be interpreted with care as the scalar product of the absorption term for
the incident photon with the complex conjugate of the vector potential for the creation of the final
photon. The interaction Hamiltonian is then

where g and gN are the polarization vectors and k and kN are the wave vectors of the incident and scattered
photons. The magnitudes of both the wave vectors is ω/c, neglecting the recoil of the atom or molecule.
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The density of final states follows from the volume element in momentum space written as p2dpdΩ to
preserve directional information. Using p=E/c=Sω/c, the cross section then becomes

where q=k-kN is the momentum transfer. Except for the matrix element factor the differential cross
section is the same as that for Thompson scattering. In a sense the situation is similar to that of the
photoeffect in which the interaction is treated as with the individual electrons. In this case however,
interference effects must be accounted for. In this approximation elastic scattering is a generalization of
Thompson scattering in which all the atomic electrons act as scattering centres and the result is the
coherent superposition of the amplitudes of these contributions. The cross section may be written

( d 2σ
d 2Ω

)e'( d 2σ
d 2Ω

)T@*F(q)*2 (50)

where the quantity

F(q)'+0*j
Z

j'1
e iq@rj*0, (51)

is referred to as the form factor. In general the momentum transfer satisfies 

q 2'k 2
γ %(k f

γ )2&2kγk
f
γ cosθ (52)

which reduces to for this case since to a good approximation . The form factorq'2kγsin θ
2

kγ•k f
γ .

may be written in a semi-classical description if an electron density is defined as

ρ(r)'+0*j
Z

j'1
δ(r&rj)*0, (53)

so that Eqn.(51) becomes 
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5. Hydrogen Atomic Form Factor

F(q)'mρ(r)e iq.rd 3r. (54)

In this description the form factor becomes the Fourier transform of the charge density so that the
scattering pattern resembles a diffraction phenomenon. If the charge density is taken as a delta function,
corresponding to a classical point electron the form factor
becomes unity and the Thompson cross section is recovered. 
The concepts inherent in Equ.(50) and (54) are quite general, as
discussed in section 4. If the differential cross section for the
elastic scattering from a point target is known then the
cross-section for elastic scattering from a distributed target is
obtained to an approximate degree by multiplication by the
square of the form factor. The latter is always the Fourier
transform of the target distribution. In this case the Thompson
differential cross section is the point target differential cross
section, and the electron is the point target. The atom is
considered as an electron distribution. The limiting value of the
form factor at zero momentum transfer is clearly the atomic
number, F(0) = Z. As q increases towards infinity the imaginary
exponential becomes a rapidly oscillating function, eventually
exhibiting many periods in an interval over which the density
function is constant so the form factor vanishes. The natural unit
of measure for the electron distribution is the atomic radius so F(q)60 as qra64. An analytical calculation
of the form factor is straightforward for the hydrogen atom while being largely intractable for more
complex situations. For the hydrogen ground state 

 ψ0'
1
π

( 1
a

)3/2@e &r/a
(55)

which leads by direct integration to

FH(q)' 1
(1%a 2q 2/4)2 (56)

The atomic hydrogen form factor is shown in Fig. 5. The cross section in Eqn(50) neglects scattering
from the nucleus. Compared to the atom the nucleus can be considered a point charge of magnitude Ze.
Its behaviour is then that for Thompson scattering from a charge Ze and mass M. This contribution can
be taken into account by addition of the term meZ2/M to F(q). Again the contributions must be
considered coherently. The size of this term is roughly Z/3700.
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            6. Coherent scattering cross section for lead

Some general properties of coherent scattering can be understood from the limiting behaviour of
Eqn(50). Firstly, the zero degree differential cross section is simply . Secondly, we can see that theZ 2re

2

scattering becomes increasingly concentrated in the forward direction as the energy increases from the
following considerations. Let the form factor be negligible for momentum transfers greater than .qm
Then from equation 52, using the small angle approximation, the scattering angle must be smaller than

, where the wave vector magnitude is of course directly proportional to energy.qm/k
 
The behaviour of the coherent scattering cross section for lead is shown in the figure.
The low energy limit follows from the opposite behaviour described above. The maximum momentum
transfer ,2k, becomes vanishingly small in the very low energy limit, and the differential cross section is
merely the Tompson cross section
multiplied by . For Pb thisZ 2

gives 4473 b/atom or 12.9 .cm 2/g
The value at 1 keV is 12.5 . cm 2/g
The constant low energy value can
be interpreted as the square of a
low energy amplitude. This
accounts for a constant amplitude
term which should be added to the
sum in Eqn(46)

At high energies the maximum q
will far exceed  and onlyqm
exceedingly small angles will be
involved. The differential
Thompson cross section can be
approximated by its 0 degree
value,  It is convenient inr 2

e .
calculating the total cross section
to transform the integral over solid
angle to an integral over momentum transfer. 
This can be done using Equ(52) to give 

Then the total cross section can be written:

 The upper limit may be replaced by infinity at high enough energies such that the integrand vanishes at
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momentum transfers less than 2k. In this case, the cross section varies as , corresponding to the1/E 2

straight line shown in Fig.6. Departure from this behaviour sets in a about 0.2 MeV, indicating the form
factor is significant out to momentum transfers of about 2000 nm-1.

7. Inelastic scattering.

The treatment for inelastic scattering, in the non-relativistic approximation follows the above treatment
for elastic scattering. The final state however, differs from the initial state, corresponding to internal
energy transfer. The energy of the outgoing photon is less than that of the incident photon by the energy
transferred. Consider a photon of energy Sω incident on an atom in the ground state *0> . Interaction via
the term A2 leads to a final state consisting of a scattered photon of energy SωN and the atom in excited
state <f*, assumed to be discrete. Interpreting A2 as the product of an operator absorbing the incident
proton and an operator creating the final photon gives 

for the magnitude of the term. The interaction Hamiltonian can be written as before as

where  is the classical electron radius. The density of final states differs from the case of elasticre
scattering because the final energy is no longer equal to the initial energy, and may be written

Multiplying the square of the matrix element by the density of states, averaging over polarizations and
dividing by c to convert to cross section yields the following expression analogous to Eqn(50)

The Thompson cross section has been written explicitly. For a discrete final state, the excited atom or
molecule created in the process will de-excite by spontaneous emission, a process referred to as Raman
scattering.

If the energy of the incident photon exceeds the binding energy of the electrons, then the final state may
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                   Figure 7. Inelastic Scattering

be in the continuum as shown in Fig.7. In the figure, the situation is depicted for hydrogen, or a
hydrogen-like atom, in which the scattering transfers energy to an electron with binding energy . TheEb
situation is not unlike photoionization, except that in this case the final result consists of both an
outgoing photon and ejected electron with the
incident energy now equal to the sum of the
scattered photon energy, the ionized electron
kinetic energy, and the electron binding energy.
The kinetic energy of the ionized electron is then

. Obviously the interaction cannot proceed ifg&Eb
the energy transferred is less than the binding
energy. In general, the process is with the entire
atom, but it is common to use the impulse
approximation in which the photon is viewed as
interacting with one of the atomic electrons, the
remainder acting as spectators.The calculation
proceeds in the same manner as before. The
continuum state is designated by the transferred
energy as . There is an important distinction*g,
between such states and the general description of
bound  states as discrete however. Since the
energy can now vary continuously, the square of
the wave function for these states must represent
the probability density function in energy as well
as space. The energy transferred can then be
continuous, as can the energy of the scattered
photon, with only the sum of these two energies
being fixed. The process can then be described by
the double differential cross section

where . The matrix element in Eqn(64) is referred to as the generalized form factor, andg'Sω&Sω)

designated . It must be emphasized that since the continuum wave function is involved, thisFg(q)
quantity has units of eV-1/2, unlike the form factor describing elastic scattering. This also follows from the
fact that the double differential cross section has units of the form barns/eV/Sr. The quantity *Fε(q)*2 is
closely related to the generalized oscillator strength function.  The latter may be written

df(q)
dg

'
2mg
S2q 2

*Fg(q)*2
(64)

The normal oscillator strength function arises from first order expansion of the exponential in the matrix
element, .e iq@ri
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                                 Figure 8. Scattered photon spectrum

The nature of the scattered spectrum is determined by Eqn(63). Some insight into the nature of
the process can be obtained by examining the kinematics within the context of the impulse
approximation, in which the transition is treated as a single particle one. The atom is then treated as a
two component system, consisting of a single electron coupled to the residual ion. The latter becomes the
bare  ion following the transition. All scattering processes transfer energy g and momentum Sq, to the
system, which in this approximation is entirely transferred to the single electron. The transferred energy
is considered to increase the electron kinetic energy, its potential energy remaining unchanged during the
transition. For sufficiently low energies the electron motion is non-relativistic. Then, if the initial
momentum of the electron is Sk the final momentum is S(k+q). Equating the energy transfer to the
change in kinetic energy gives

For an electron at rest k=0 and the energy of the scattered line is uniquely determined by

Then for an electron moving  with  momentum  Sk  the scattered energy can be determined from

The scattered energy is now determined by
the component of the initial electron
momentum along the direction of the
photon momentum transfer. Thus in this
approximation, the scattered spectrum
depends upon the probability density
function for this initial momentum
component.

The graph in Fig.8 shows the spectrum of
photons backscattered from atomic iron at
an incident energy of 0.2  or 102.2mec

2

keV. The cross section peaks at the energy
corresponding to scattering from  a free
electron at rest, 0.143  or 73.1 keV.mec

2

The peak value is 14.7  or 160 barnsr 2
e /αe
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per Sr. Converting from dimensionless relativistic energy units this corresponds to 0.31 barns per Sr per
keV. The width of the peak is only about 2.5 keV. Note that the ordinate scale is logarithmic. At a
scattered energy of 95 keV the energy transfer of 7.2 keV equals the binding energy for the  K electrons.
At scattered energies exceeding 95 keV, therefore ionization through K electrons is no longer
energetically possible, and an edge occurs for the same reason as in the photoelectric effect. Similar
edges occur for the higher shells, but they are too close to the end of the spectrum  to be resolved in the
figure.

The matrix element in Eqn(63) vanishes as q goes to zero. Thus at very low energies, inelastic
scattering through this interaction is in competition with the  interaction even though the latter is ap@A
second order perturbation. This is not significant for energies high enough to cause ionization, but must
be taken into account in Raman scattering.

When the energy transfer is large compared to the electron binding energies the process may be
approximated by the elastic scattering of a photon from Z independent free electrons. This
approximation was first introduced by Compton  It was this process, which is the relativistic
generalization of Thompson scattering, that was first treated theoretically. The kinematics is treated in an
elementary fashion, taking into account that the scattered electron is relativistic, leading to the scattered
photon energy

E f
γ '

Eγ

1%α(1&cosθ)
(68)

where α=Eγ/mec2 and θ is the scattering angle. This is often recast into the famous wavelength shift

λf&λ'λC(1&cosθ) (69)

where λC=S/mc is the Compton wave length of the electron. The differential cross section was first
calculated by Klein and Nishina after whom it has been named and takes the form

( d 2σ
d 2Ω

)KN'
r 2

e

2
@(E f

γ /Eγ)
2@[E f

γ /Eγ%Eγ/E f
γ &sin2θ]  (70)

The non-relativistic limit is reached for α<<1 in which case   and Equ.(71) reduces to theE f
γ .Eγ

Thompson cross section.

The recoil electrons have energies given by  and range in value from 0 to EC.Ee(θ)'Eγ&E f
γ (θ)

The maximum value EC occurs for a scattering angle of π and is referred to as the Compton edge. From
Equ.(68)

EC'Eγ(
2Eγ/mc 2

1%2Eγ/mc 2
) (71)

The differential interaction coefficient  may be calculated using the same procedure asµ(E f
γ *Eγ)

outlined in section 5 of Interactions. The result may be written
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9.     Compton Recoil Spectrum
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(72)

Equ.(72) may be used to calculate the recoil spectrum since the

electron energy is  and the numerical value Ee'Eγ&E f
γ

of σ(Ee * Eγ) is identical for corresponding energies. The
spectrum is shown in Fig. 6 for Eγ=0.662 MeV, the energy of the
γ-ray associated with the β- decay of 137Cs. The recoil spectrum is
commonly observed in pulse height spectra from γ-ray detectors,
although, except in very small detectors, it is somewhat more
complicated by multiple interactions.

The effect of binding and electron motion is ignored in
the Klein-Nishina cross section. At any energy, at sufficiently
small scattering angles the momentum and energy transfer will be
small and binding effects will influence the process. To treat the
process correctly, a relativistic treatment of the process is
necessary. As an approximation, the double differential cross
section is written as the product of the generalized form factor
and the Klein Nishina cross section. Integration over all energy transfers gives the differential cross
section. This is written in the following form:

( d 2σ
d 2Ω

)C'S(q,Z)@( d 2σ
d 2Ω

)KN (73)

where the incoherent scattering factor is given by

S(q,Z)' m
4

ε>0

*Fε(q)*2dε (74)

In this form the cross section appears to depend upon the properties of all the excited states of the system
presenting a formidable problem of calculation. It is a remarkable fact that this can be 
circumvented by the closure property which can be written

m
4

ε'0

*ε,+ε*dε'1 (75)

Applying this condition in Equ.(74) gives
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Figure 10 Incoherent scattering function for Fe
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In this form the limiting values of the incoherent scattering
factor may be ascertained. Note that for q=0 the first term
becomes Z2 as does the form factor so that S(0,Z)=0. For very
large momentum transfers the rapid oscillatory behaviour of the
exponential function averages to zero except in the case j=k, so
the large q limit gives S(q,Z)6Z as q64. In this limit therefore
the atom behaves as a system of Z free electrons. The
incoherent scattering function may be seen to play the role of
the effective number of electrons capable of undergoing
Compton interaction at momentum transfer q. For the case of
hydrogen with Z=1, Equ.(65) takes the simple form 

SH(q)'1&F 2
H(q) (77)

where the form factor is given in Equ.(47). The hydrogen incoherent scattering function then approaches its
maximum value of unity for qa>>1. Since this is the free electron limit ε=S2q2/2m while the hydrogen binding
energy is Eb=S2/2ma. Thus the mathematical condition is equivalent to the physical condition of the energy
transfer being large compared to the binding. The integral of the Klein-Nishina differential cross section takes
the form σe=σT(1-2Eγ/mc2) in the limit Eγ<< mc2 while the high energy limit is

  σe'σT@3mc 2/8Eγ@[ln(2Eγ/mc 2)%1/2]

 In the high energy region the atomic cross section is Zσe. This relation is only approximate in the very low
energy region because of the incoherent scattering factor which causes the atomic cross section to vanish as
Eγ60. Except in this region the mass attenuation factor for the Compton process may be written

( µ
ρ

)C'
NaZσe

A
(78)

Over a wide range of materials Z•A/2 so that for a given photon energy this quantity is relatively constant. The
interaction probability for Compton scattering then simply depends upon density and is insensitive to other
properties of matter.

The incoherent scattering function shown in Fig. 10 is typical, having a sigmoid-like shape rising from 0
at q=0 to Z as q64. For q=20π approximately half of the 26 electrons contribute to the cross section. 

In Fig. 11 is shown the total cross section. The free electron cross section was estimated using the low
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          Figure 12 Pair Production

energy approximation above for energies less than 0.03
MeV and the high energy expression for energies greater
than 1 MeV. The intermediate energies were approximated
by a linear interpolation between these limits. As can be
seen from the figure, the cross section departs from that for
the free electron approximation for incident energies below
about 0.1 MeV. With incident photons at the K-binding
energy of 7.2 keV, the cross section is only about 1/3 of
that for the free electron cross section. The latter is shown
asymptotically approaching the Thompson limit of

17.3 barns.ZσT'

8. Pair and triplet production

As first pointed out by Dirac the relativistic energy-momentum relation 

W'±[p 2c 2%m 2
e c 4]1/2 (79)

has mathematically acceptable negative energy solutions amenable to
a physical interpretation. In the normal state the negative energy levels
are fully occupied by electrons. If a vacancy is created among these
negative energy states it will appear as a positive charge in much the
same way as a hole in a semiconductor. The positively charged object
is the anti-particle which for electrons is referred to as the positron. As
indicated in Fig.8 the pair production process consists of the
absorption of a photon by an electron in a negative energy state so that
the latter is promoted to a  positive energy level thereby creating an
electron-positron pair. Pair production in isolation cannot occur since
energy and momentum conservation is then violated. It is necessary
therefore to introduce a spectator object of mass M which can absorb
energy and momentum. The object must be charged in order to
interact with the electromagnetic field and therefore pair production
takes place in the field of a nucleus or electron. Since pair production in the field of an electron produces three
energetic particles of the same mass and charge magnitude it is often referred to as triplet production. The
threshold energy is determined by the rest mass energy produced together with momentum conservation. In the
center of mass system at threshold the pair produced and the spectator are at rest since this represents the
minimum energy state of the system. In the laboratory system all three move with the common velocity of the
center-of-mass. Energy and momentum conservation then lead to
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Solving the above leads to the threshold energy

Eγ0
'2mec

2@(1%me/M) (81)

For pair production in the field of a nucleus me<<M so that the threshold energy is to a good approximation equal
to the rest mass energy produced. In this case momentum is conserved with negligible kinetic energy transfer to
the relatively massive nucleus. The threshold in this case has the numerical value 1.022 MeV. For triplet
production M=m and the threshold becomes 2.044 MeV, the lighter spectator object now receiving a very
significant recoil energy.

An approximate analytical form for the pair production cross section in the extreme relativistic region is

κ'αeZ
2r 2

e @[
28
9

ln(2Eγ/mc 2)&218/27] (82)

This equation applies only to the case of pair creation in the field of a point charge of magnitude Ze
and neglects the Coulomb interaction between the charge and the electron and positron, approximating their wave
functions by plane waves. The electric field in the vicinity of the nucleus is reduced from that of the point charge
mentioned above by the presence of the atomic electrons, a phenomenon referred to as screening. The correction
for screening can be considered the use of an effective charge factor in Eqn(82)  The charge density at a point r 
from the nucleus can be written Zδ(r)-ρ(r) (in units of e). In momentum space this is Z-F(q) where q is the
momentum transfer to the nucleus. Introducing the pair cross section differential in q, 

The limits of integration are  which in the limit of very high energy can be taken as from 0 tok± k 2&4/λC
2

infinity. From a semi-classical description, the momentum transfer is inversely proportional to the impact
parameter, so the inference is that as the energy increases the contribution from interactions a large distance from
the nucleus occur. This is the region most effected by the screening effect of the electrons Thus the effective
charge decreases monotonically with energy, eventually cancelling out the increase with energy given for the
unscreened cross section in Eqn(93) and leading to a constant cross section. This is referred to as complete
screening, and qualitatively is taken as the situation in which the maximum impact parameter, produced by the
minimum q, exceeds the atomic radius, given by  In the fully screened limit the cross section becomes.Z &1/3λC/αe
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               Figure 13. Pair production cross section for lead

In addition, correction for the Coulomb distortion of the lepton wave functions has to be made. The Coulomb
correction increases with atomic number. It varies slowly with energy in the region above about 20 MeV, 
momotonically decreasing.

For energies well above 4mc2 the effect of triplet production is approximately taken into account by
replacing Z2 by Z(Z+1) since each of the Z
electrons produces a cross section equivalent
to the pair production cross section for a
proton. A detailed calculation takes into
account screening effects of the electron cloud
on the field of the electron with which the
photon interacts. In this case the effective
number of electrons is <Z-S(q,Z)> averaged
over the differential cross section as in
Eqn(83), where S(q,Z) is the incoherent
scattering function.

The pair production cross sections for
lead are shown in Fig.13. The value for the
triplet cross section has been increased by a
factor of 10. Values for the unscreened high
energy approximation given in Eqn(82) and
complete screening Eqn(84) are shown by the
broken lines. The value for complete screening
is 0.131 cm2/g, which exceeds the value of
0.118 cm2/g reached by the more accurate value. However, the approximation in Eqn(84) neglects the effect of
Coulomb distortion which amounts to approximately 10% in the region above 200 MeV, which would also lead to
a predicted constant value of .118 cm2/g, or 40.7 b. 

9. Auger Transitions and Internal Conversion

As discussed in the introductory section on nuclear physics, photon decay may compete with electron
decay. While this is often considered a transfer of a particular form of excitation to an atomic electron, in reality it
should be considered as a decay mode of the total atomic system. It is worth a closer examination of these
processes in terms of the properties of the electromagnetic interaction.  

Consider the situation following an ionizing event in which a K-shell vacancy is created. The residual ion
is now in an excited state with energy EK, ,the K-binding energy. Since this excitation energy is greater than the
ionization energy for electrons in the higher shells, and hence is degenerate with the continuum, a particular form
of autoionization state is formed. The ion which is in an excited 1s hole state, can now decay to a lower energy
hole state by photon emission, or convert to the continuum emitting an electron, becoming doubly ionized. This
latter process is referred to as an Auger transition, and competes with the photon emission. The dipole photon
emission is restricted to a final state p vacancy. The energy of the final state is now the binding energy of the p
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electron involved and the photon energy is the difference in binding energies. To be specific suppose the transition
is from    This photon is referred to as a the -line and its energy is   Note that the final state1s &1

1/262p &1
3/2 Kα1

EK&ELIIIis designated LIII   . For example the Al binding energies are 1.56 and .073 eV producing a 1.51 eV X-ray.
The initial state energy is 1.56 eV, well above the ionization threshold of 0.118 eV for the  LI electron (ie

2s1/2 state). The thresholds for the rest of the electrons are lower still. It is entirely possible therefore that the final
state could consist of vacancies in both the LI  and  LIII   states. Such a transition, designated      has anK6LIIILI
energy of 1.56-0.118-0.073=1.37 eV. In this case doubly ionized Al is formed with the emission of a 1.37 eV
electron instead of singly ionized Al with the emission of a 1.51 eV X-ray.

In general, the decay of the hole state can be by photon emission or by Auger electron emission to any of
the available final states. The probability of photon emission is referred to as the fluorescent yield. The
terminology reflects the fact that exposure of the atom to incident photons of a given spectrum induces the
emission of photons of a lower energy. The yield can be written

where Γγ and Γe are the widths for the two types of decay. The radiative width variation follows from the
considerations on the hydrogen 2p61s line. The oscillator strength is constant so the width should vary as the
square of the energy as indicated in Eqn(12). Since in the hydrogen-like approximation the energy varies as Z2, the
radiative width is expected to vary roughly as Z4. The interaction controlling the Auger process is the inter-
electron interaction, ie the Coulomb potential which varies inversely with the inter-electron distance. This
quantity in the same approximation scales linearly with the atomic number so that the electron emission width
also varies with atomic number. The situation is rather complicated but essentially the widths increase rather
weakly with Z. Qualitatively the fluorescent yield would be a sigmoid function varying from 0 at Z=0 to 1 at Z=%.
This is in accordance with observation, although of course the limiting values of Z do not occur in nature. For
example the yield is 0.049 at S, Z=16, increasing to 0.96 at U, Z=92. The yield can be fit with reasonable accuracy
to

It should be stressed that this is just an empirical relation. Theoretically, one would expect to subtract a screening
constant of approximately 2 from the atomic number, rather than add 0.85. Moreover, one might have included a 
linear term in the denominator to reflect an approximate dependance of the electron width on Z.

A similar situation arises when the atomic nucleus is formed in an excited state. Actually, while it is
conceptually convenient to separate the nuclear and electronic states, it is also true that they are all really different
excited states of the combined atomic system. In any event the excited state is again in the continuum, and
normally has an energy exceeding the ionization threshold for all electrons. In this case an electron may be
emitted with energy equal to the de-excitation energy, ie the gamma-ray energy minus the electron binding energy.
The internal conversion coefficient is defined as the ratio of the electron width to the photon width. Both the
electron width and conversion coefficient are the sum of the partial quantities corresponding to the decay through
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a specific sub-shell. The systematics of conversion coefficients differ from the Auger process. The energies of
nuclear excited states do not exhibit any simple relationship with atomic number. Moreover, there is a much
richer variety of multipole radiation in nuclear deexcitations with electric quadrupole, magnetic dipole and electric
octapole transitions relatively common.  The radiative width for a given multipole EL or ML increases with
energy as E2L+1. Thus the radiative widths increase rapidly with energy and the internal conversion coefficient
decreases quickly as the energy of the transition decreases. The conversion coefficient can be calculated as a
function of energy, the function depending upon both the type of multipole and the atomic number.

10. Absorption and energy transfer coefficients

Three versions of coefficients related to energy transfer have been defined. These are the absorption
coefficient, the energy transfer coefficient and the energy absorption coefficient. The last mentioned coefficient
will be discussed at a later date.

In general these coefficients may be written as the weighted sum

µε ' fτ@µτ % fc@µc % fκ@µκ (87)

The difference between the absorption and energy transfer coefficients results from different values for fτ and fκ
corresponding to fractional energy averages.

The absorption coefficient is based upon identification of the photoelectric and pair production processes
as pure absorption processes and using unity for the average energy fraction absorbed in these interactions. The
fraction of energy absorbed in Compton scattering is calculated as the ratio of the average electron energy to the
incident photon energy

fc ' <Ee>/Eγ (88)

in the free electron approximation so that

<Ee>'
1
σ
@mEe(θ)@dσKN (89)

where dσKN is an element of the Klein-Nishina cross section. The procedure is identical to that discussed for slow
neutron scattering with the relativistic Compton recoil energy expression replacing the classical target recoil
expression and the Klein-Nishina cross section replacing the isotropic cross section. Thus the absorption
coefficient is given by

µa'µτ%fc@µc%µκ (90)



(NOTES 5)  page 30

  Figure 14. Mean Free Path in Water

The energy transfer coefficient,  represents the energy transferred to the electrons produced in theµk
interaction as kinetic energy. In the photoelectric process the photoelectron kinetic energy is the difference
between the photon energy and the electron binding energy. The ion produced may be considered as the original
atom with a vacancy in the state previously occupied by the electron. The atom may then deexcite through the
emission of a characteristic X-ray.. The fraction of deexcitations which lead to X-ray emission is the fluorescent
yield designated by ωK, ωL for K-shell, L-shell etc. filling. To be specific, consideration will be restricted to the
K-shell. Then the fraction of energy transferred may be written

fτ'[ωK@(Eγ&EK)%(1&ωK)@Eγ]/Eγ
'1&ωK@EK/Eγ

(91)

The inclusion of the L contributions, which may be lumped together to a good approximation since the
entire effect is small, gives

fτ'1&(τKωK@EK%τLωL@EL)/(τ@Eγ) (92)

The treatment of the pair production process is more straightforward. The fraction of energy converted to
kinetic energy of electrons in the generic sense is 

fκ'1&2mec
2/Eγ (93)

10. Numerical results

Values for the photon interaction coefficients have been calculated
and tabulated most extensively by J. Hubbel. Here we discuss the
behaviour with energy for the interaction with water, the values
for which are very similar to those of the soft tissues in living
organisms. Fig. 14 illustrates the variation of the mean free path,
1/µ, with energy, over the normally encountered photon energy
range spanned by X-and γ-rays. The mean free path increases
steadily from about 2mm at 10 keV to nearly 50 cm at 10 MeV.
The value at 1 MeV of about 14 cm is a useful guide. Since the
value of the mass attenuation coefficient for lead and indeed all
substances is virtually identical at this energy, the mean free path
is determined by the density to be approximately 14/11 – 1.3 cm.
This result illustrates the dominance of the Compton process in
the mid-energy range. 
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      Figure 15. Energy Transfer in Water

Figure 16. Fraction of Energy Transferred in
Water

         The variation of the energy transfer coefficient with energy is shown in Fig.15 and remains approximately
constant at about .03 cm2g-1 over the range from 0.1 to 3 MeV. This value is useful in estimating the energy
transferred to soft tissues. Note the rapid increase in the energy transfer coefficient as the energy decreases below
0.1 MeV. This is due to the increasing influence of the photoelectric effect which has a twofold effect on µK.
Firstly the value of the cross section increases with decreasing energy and secondly the fraction of energy transfer
is nearly unity for the photoelectric effect.

This point is elaborated upon in Fig.16 which illustrates the fraction of energy transferred µK/µ as a function of
energy. For the Compton process at extremely low energies the electron behaves as an object with infinite mass
(Eγ<< mec2) so that the scattered photon energy becomes identical to the incident energy. In this limit the fraction
of energy transferred in the Compton process is negligibly small. In the extreme relativistic limit (Eγ>> mec2) the
recoil electron spectrum spans the range 0 # Ee# Eγ-mec2/2 and is significantly peaked at the high energy end. The
fraction of energy transfer thus  approaches values near unity. It is easily seen that fκ also exhibits the same
behaviour for Eγ >> 2mec2. The numerical value of µa is insignificantly different from µK from .01 MeV to 1 MeV.
At 2 MeV it is slightly under 1% greater than µK. At 10 MeV the absorption coefficient exceeds the energy
transfer coefficient by about 4%. 

The rise in the fraction of energy transferred at low energies is of course due to the onset of the photoelectric
effect.
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[A,B]'AB&BA (1)

[P,x]ψ(x)'iS( d
dx

xψ(x)&x d
dx
ψ(x))'iSψ(x) (2)

[P 2,x]'2iSP (3)

[x,[P 2,x]]'2S2 (4)

H'
P 2

2m
%V(x) (5)

[x,[H,x]]' S2

m
(6)

DIPOLE ENERGY WEIGHTED SUM RULE

This is the simplest, albeit formal derivation of which I am aware. I am assuming a one-electron system. For Z
electrons the sum rule holds for each independently.

BACKGROUND-COMMUTATORS

Recall that all physical variables are represented by operators operating on spatial functions. The result of a
sequence of two operations generally depends on the order in which they are performed, and they are said
generally not to commute. A commutator is defined through

In actually evaluating commutators one has to be careful to actually include a function to be operated on. Thus
consider the famous example of [P,x] where P is the x component of momentum.

Theorem
Repetition of this approach gives

so that

Now the energy operator or Hamiltonian is given by

The coordinate x commutes with the potential since both operations are simply multiplications. We thus find
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<0*[x,[H,x]]*0>' S2

m
(7)

ψ(x)'j anψn(x) (8)

*ψ>'j an*n> (9)

<m*n>'δmn (10)

*ψ>'j *n><n*ψ> (11)

j *n><n*'I (12)

The theorem expressed by Eq(6) indicates that the operator given by the double commutator on the left is merely a
constant. Hence the expectation value with respect to the ground state must satisfy

Equation (7) is the fundamental relation upon which the sum rule is based.               

BACKGROUND - COMPLETENESS

The set of all eigenfunctions, ψn(x) or *n> in Dirac notation, comprise a complete basis. By this is meant that any
function can be expanded in terms of the eigenfunctions in the form

or in Dirac notation

The principle is the same as that for the simpler case of the three-dimensional space generated by the unit vectors
along the three orthogonal directions of a Cartesian coordinate system. It is then intuitively clear that any vector in
this space can be expanded in terms of its three orthogonal components each of which is represented as a number
multiplying the corresponding unit vector. Because the basis vectors are orthonormal ie

Eq(9) indicates that the component an=<n*ψ> so that it follows that it can be rewritten

Written in this way it is possible to conclude that the quantity
 

where I is the identity operator. This quantity can therefore be inserted to advantage in expression (8).
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<0*2xHx&x 2H&Hx 2*0$ S2

m
(13)

<0*2xHj *n><n*x*0>&<0*xj *n><n*xH*0>&<0*Hxj *n><n*x*0>' S2

m
(14)

H*n>'En*n> (15)

2j En*<n*x*0>*2 (16)

j E0*<n*x*o>*2 (17)

<0*Hx*n>'<0*Hj *m><m*x*n>'j Emδm0<m*x*n> (18)

j (En&E0)*<n*x*0>*2'
S2

2m
(19)

DERIVATION OF SUM RULE

From Eq(7)

Making use of Eq(12)
The eigenfunctions of the Hamiltonian satisfy

Using Eq(15) and recognizing that operation with H and summing may be interchanged, the first term in Eq(14)
becomes

Similarly the second term becomes

The third term requires a bit more attention. Consider the factor

        

Thus the third term becomes identical to the second. Eq(14) then becomes

If the excited state energy is measured fom the ground state, say εn = En-E0 the oscillator strength for the nth state
becomes
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fn'
2m
S2

εn*<n*x*0>*2
(20)

j fn'1 (21)

then the energy weighted dipole oscillator sum rule is

The derivation is not really restricted to discrete states but extends to the continuum, in which case the oscillator
strength function is used and the summation becomes an integral. It is the sum over all bound states plus the
integral over the continuum which satisfies (21). In general the above sum equals Z when carried out for a
system with Z electrons.

Summary

Photoabsorption: γ%T6T (

Resonant elastic scattering:T (6T%γ

Resonant inelastic scattering:T (6T%γN

Photoionization:T (6T %%e &

Photoelectric effect: γ%T6T %%e &

Elastic scattering: γ%T6T%γ

Inelastic scattering (bound state):γ%T6T%γN

Inelastic scattering(continuum): γ%T6T %%e &%γN

Pair production: γ%T6T%e &%e %

Triplet production:   γ%T6T %%2e &%e %
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PROBLEMS FOR DISCUSSION
(PHOTON INTERACTIONS)

1. (a) Find a relationship between the transport and energy transfer cross sections for an elastic
scattering process.

(b) Find an expression for the transport cross section in terms of the momentum transfer q, initial
momentum kγ and total cross section σ for an elastic scattering process.

2. How does one expect the photon elastic scattering cross section to vary with q for very small q.

3. Find the maximum absorption cross section for a photon with a wave length of 250 nm.

4. Find the maximum energy possible for a photon Compton-scattered through

 (a) π,   (b) , in the free-electron approximation.π
2

5. How does the mass scattering coefficient depend upon material when simple Compton scattering
dominates.

6. Work out explicitly the incoherent scattering factor for He (ie a 2-electron system) taking
q=qLx in the Dirac notation. 

7. Estimate the total photoelectric cross section for Pb at the energy of the gamma-ray from 109Cd at
88.032 keV. The K-binding energy is 88.005. Estimate the mass absorption coefficient. 

8. Discuss the criterion for the dipole approximation for the 2.615 MeV transition in the lead
nucleus, as compared to a 1.5 eV transition in H.


