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(Notes 4)

INTERACTIONS

1. Basic concepts

When two objects achieve proximity they may interact, a process leading to some change of state
of the objects. For practical purposes a laboratory frame of reference is used in which the particles
of the radiation field are in motion and play the role of projectiles while the objects at rest are
referred to as the targets. For simplicity assume monoenergetic fields, . The regionn(E)'n̂δ(E0&E)
occupied by the targets is characterized by a target number density . Around each target is ann̂ T(r,t)
interaction sphere such that if a projectile penetrates the sphere an interaction will occur. Then if the
cross sectional area of the sphere is σ and the particle fluence rate is  the probability of interactionn̂
in time dt is

dW ' σn̂dt (1)

The number of interactions occurring in the volume d3r at r in the interval between t and dt is

dNint ' n̂ T(r,t)@σn̂@dtd 3r (2)

An interaction density  may be introduced as the number of interactions per unit volume atn̂int(r,t)
r at time t so that 

dn̂ int' n̂ Tσn̂dt (3)

where the arguments on the target number density have been omitted. In many cases the target region
is homogeneous and static so that  is a simple constant and this will be assumed unless a specificn̂ T
situation arises in which this is not the case. Again in the simplest case the flux density is the product
of  the number density and projectile velocity, so that Eqn. (3) may be written in the symmetrical
form

dn̂ int'n̂ Tn̂σvdt (4)

The above relation can be interpreted in two different ways reflecting alternative emphases. In terms
of target interactions the process occurs in time and is described by an interaction or transition
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probability λint so that

dn̂ int/n̂ T' n̂σvdt'σn̂dt'λintdt (5)

In terms of particle interactions the process may be considered to occur spatially and be described
by the spatial analogue of a transition probability corresponding to the probability per unit path
length for an interaction, designated µ. The expression for this quantity follows from

dn̂ int/n̂' n̂ Tσvdt' n̂ Tσds' µ̂ds (6)

The spatial transition probability is more commonly referred to as the linear attenuation co-efficient.

The simple symmetric form given in Eqn. (4) is applicable to the case of a monoenergetic radiation
field.  From the symmetry, one can see that a more general approach is to regard the interaction as
occurring between two fields of densities n and nT.  The distinction between projectile and target is
practically convenient, but theoretically artificial.  To elaborate, the interaction between hydrogen
and helium nuclei can be equally studied by directing a proton beam onto a helium target or by using
α-particle projectiles and a hydrogen target, to the extent that the atomic electrons do not influence
the nuclear reaction.  In principle another alternative would be to direct a proton beam and α-particle
beam onto one another.

These considerations emphasize the fact that the velocity referred to in Eqn. (4) is the relative
velocity between the interacting quantities.  It is also clear that in general the cross section may
depend upon the relative velocity.  It is in fact impossible to achieve the simple situation of a
monoenergetic beam incident upon a static target.  Even if it were possible to accelerate the pro-
jectiles all to precisely the same energy, the target atoms would be in motion at any finite
temperature.

The neglect of target motion is often an acceptable approximation in those instances where projectile
kinetic energies are very much larger than thermal energies.  In other circumstances, such as the
interaction between particles in a plasma, the relative motion arises entirely from thermal energy and
the situation must be treated more thoroughly.  Based upon the two number density spectra corres-
ponding to the interacting fields the probability density for the relative velocity at a given
temperature p(v*T) is calculated.  For the interaction rate, a straightforward generalization of Eqn
(4) becomes



(NOTES 4)  page 3

dn̂12' [m
4

E
v@σ(v)@p(v*T)dv]n̂1n̂2dt (7)

The bracketed quantity is often treated as the primary empirical quantity and Eqn. (10) rewritten as

dn̂12 ' k(T)n̂1n̂2dt (8)

where k(T) is the rate constant. This form of treatment is relevant to such processes as chemical
reactions, viewed here as an interaction between two molecular species, and recombination between
electrons and holes in a semiconductor or ion pairs in a gas-filled detector.

2. Classification of Interactions

Interactions may be broadly classified as absorption and scattering processes.  In the former, the
projectile is not present in the final configuration.  Scattering processes are themselves subdivided
into elastic and inelastic scattering processes.  

For the elastic process, the final state energies of the system are uniquely determined by momentum
and energy conservation.  In the centre-of-mass system, the energy of the scattered particle is
identical to that of the incident particle.  The effect of the elastic scattering is solely to alter the
projectile direction in this system.  In the laboratory system the energy of the projectile is reduced
by the scattering and the target gains energy as it recoils. Note that this description assumes the target
to be initially at rest in the laboratory frame.

Inelastic scattering can only occur when either the target or projectile consists of a complex of
fundamental particles so that it has a structure.  In inelastic processes, part of the initial kinetic
energy is transferred to internal energy of the structure.  Following the interaction, the structure,
normally the target, is in an excited state.  If the energy transferred exceeds that binding the structure
together, then the excited state is in the continuum and emission of a particle from the structure will
most likely occur.  From this perspective, elastic scattering is the process which leaves the structure
in the initial state, normally the ground state.  It also follows that if both entities undergoing
scattering are structureless, then only the elastic mode is possible.  In an inelastic process
accompanied by particle emission, the initial momentum and energy is shared between the scattered
particle, emitted particle and recoiling core structure. Since the final state consists of three bodies,
the energy of each is distributed.

Interactions which involve a large number of targets represent collective effects. In the extreme case
the interaction of light in a homogeneous dielectric is characterized by an index of refraction. Large
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scale inhomogeneities appearing as surfaces lead to characterizations by reflection and transmission
coefficients.

3. Stochastic behaviour

The occurrence of an interaction is a random or stochastic process.  The fundamental probability,
known as the survival probability, can be inferred from the following considerations. Since the inter-
action co-efficient is the probability of an interaction per unit path length, then the probability of an
interaction in an element dx of path is . If the probability of a particle not having an interactionµ̂dx
after proceeding a distance x is designated W(x) then

W(x%dx)'W(x)@(1&µ̂dx) (9)

If the left hand side is expanded about x in a first-order Taylor's expansion then (9) becomes

dW
dx

'&µ̂@W(x) or W(x)'e &µ̂x (10)

The survival probability thus decreases exponentially with the path length travelled. The probability
of an interaction in the interval between x and x+dx is  so that the mean distancedW'µ̂e &µ̂xdx
travelled before a collision occurs is 

<x>'mxdW'm µ̂x@e &µ̂xdx'1/µ̂ (11)

Equation (11) shows that the inverse of the interaction co-efficient is the mean-free path.

Normally several distinct types of interactions may occur between a given projectile and target and
each is described by its interaction co-efficient . Each interaction which is energetically possibleµ̂m
is referred to as an open channel and represents a competing mode for which µm is a measure of the
relative probability. The total interaction co-efficient is then .Gµ̂m



(NOTES 4)  page 5

Provided that only single interactions are considered, the probability that an interaction of type m
will occur can be written

Wm' (
µ̂m

µ̂
)@ (1&e &µ̂x) (12)

For absorption processes, only single interactions are possible.  When scattering occurs, however,
the original particle remains after the interaction and may promote a second interaction.  The above
equation is then only valid under the condition that, because of the scattering, the particle can no
longer interact through mode m.  This could happen, for example, if the energy of the particle
following a scattering event was below the threshold for mode m.

If a target of cross section σ is exposed to a fluence , then the expected number of interactions withΦ̂
the target would be σ , providing each interaction did not alter the target cross section.  Since theΦ̂
interactions are independent, the probability for the target to receive n interactions in the Poisson
limit is

Pn'
(σΦ̂)n

n!
e &σΦ̂ (13)

Similarly, the probability for n collisions along the path of a particle is

Pn'
(µ̂x)n

n!
e &µ̂x (14)

provided that the collisions represent scattering interactions and that µ is not changed as a result of
the scattering.  Since the interaction probability is dependent upon particle energy, the latter
requirement implies that the energy loss in the n collisions is negligible with respect to the particle
energy.

4. Differential interaction co-efficients

The cross section or linear attenuation coefficient is often not a sufficiently detailed description of
an interaction, which is one form of transition taking the system consisting of projectile and target
from an initial to final state. In terms of the radiation field quantities associated with the projectile,
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Figure 1. General Interaction

the initial state is described by the particle type, energy and direction E. 

The final state is then described by EN and the process may
be looked upon as a jump from one point in momentum
space to another.  In the normal situation of unpolarized
beams symmetry in particle production around the initial
direction is required. Taking θ to be the angle between
initial and final directions, referred to as the scattering
angle, the probability for a final state corresponding to
energy range EN6EN+dEN and in the solid angle dΩ about θ
may be written

dW ' p(EN,θ*E)dENdΩ (15)

The quantity usually used to describe the most general reaction is the double differential
cross-section which is equivalent to 

d 3σ
dENd 2Ω

(E,EN,θ) ' p(EN,θ*E)@σ(E) (16)

The general differential interaction co-efficient is then given as 

µ̃(EN*E) ' n̂T@
d 3σ

dENd 2Ω
(E,EN,θ)' d 3µ̂

d 3EN
(17)

where cosθ = ΩoqΩ. Implicit in the above equations is the existence of a continuous energy spectrum
for the final state even when the direction of incident and outgoing particles is fixed.  This situation
requires internal excitation of the target as occurs in inelastic processes and reactions involving
particle type conversions. Discrete spectra are included using delta functions. The interaction
coefficient may also depend upon the space and time coordinates through the target density factor.

The energy transferred to the target is g = E-EN.  The direction of the recoil is determined by
momentum conservation. In theoretical treatments in which the center-of-mass system is used,  it
is often convenient to use a different set of variables from EN and θ. If the momentum associated with
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energy E is designated by p then a wave number is defined through p = Sk. The momentum transfer
in units of S is given by 

q 2 ' k 2 % k )2 & 2kk )cosθ (18)

where kr is the wave number corresponding to the final energy EN. 
The energy transfer g = E-EN is also sometimes written as Sω. The double differential cross section
may be written as differential in ω and q rather than EN and solid angle.  Note that from Eqn(18)

dΩ '
2πqdq

kk )
(19)

For a three-body final state a more complete description is the triple differential cross section
specifying the energy transfer and the directions of two of the three bodies, usually the scattered and
ejected particles. The double differential cross section is the integral over the directions available to
the ejected particle.

An important general concept is the structure factor. Consider first the scattering between two point
objects. Since there are no internal excitation modes only elastic scattering is possible. If however
the target is now an assembly of such point objects the general situation obtains. The double
differential cross section can then be written as 

dσ
dEdΩ

' S(ω,q)@( dσ
dΩ

)p (20)

The first factor on the right side is the structure factor, so named because its properties are deter-
mined by the target structure, which can also be written S(g,q). The second factor is the differential
cross section for scattering of two isolated point particles. Note the alternative notation not
emphasizing dimensionality.

A common reaction in which the spectrum of outgoing particles at a given θ is monoenergetic and
hence singular is that of elastic scattering. In this case the energy transferred from the particle to the
target is entirely kinetic and both the target and scattered particle energies are uniquely determined
by the energy and momentum conservation laws. In this case the reaction can be described either by
the angular distribution of scattered particles in which case the final energy is ignored or by the
energy spectrum of scattered particles when the scattering angle is ignored. Perhaps to make this
point clearer, consider an experiment in which a detector measures the energy spectrum of scattered
particles at a certain direction from the target. If the incident particles are of one energy and form a
monodirectional radiation field then a fixed scattering angle is involved and a monoenergetic
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spectrum will be observed. If on the other hand, the radiation field of the projectiles is isotropic so
that the incident direction is random then all possible scattering angles are sampled and a continuous
spectrum ranging over all final energies will be observed for the scattered particles.

In practice elastic scattering is characterized by the angular distribution or differential cross-section
in both compilations and in theoretical calculations. Moreover the description is usually in the
centre-of-mass system whereas that for the radiation field is in the laboratory system.
The accompanying diagram (Fig. 2) depicts the position of a projectile of mass m shown as a closed
circle and a target of mass M shown as an open circle some time before and after the collision. Also
indicated are the corresponding positions of the centre-of-mass designated as x, together with the lab
and CM scattering angles,  and θ.θR

The relation between the C.M velocity V, the final projectile velocity in the C.M., v and the final
projectile velocity u in the lab system is shown in figure 3.  Recall that for elastic scattering MV=mv.
Then for non-relativistic particles, the relationship between the laboratory and centre-of-mass angles
may be written 

tanθR '
sinθ

cosθ %
V
v

'
sinθ

cosθ %
m
M

(21)
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Figure 4

dΩl'
1%(V/v)cosθ

[1%(V/v)2%2(V/v)cosθ]3/2
dΩ (22)

dµ̂'nT
dσ
dΩ

(E,θ)2πsinθ[ dEN
dθ

]&1dEN (24)

where m and M are the projectile and target masses respectively. The first relationship is generally
applicable. The second, which relies on the ratio of velocities V/v equalling m/M is only applicable
to elastic scattering.  In the limit of m << M, the two angles become equal. The relationship in Eqn.
(21) is shown for three cases in figure 4 .
Each curve is labelled by the ratio of target to
projectile mass.  Note that when the projectile
mass exceeds the target mass, the function
becomes double-
valued.  As the ratio of projectile mass to
target mass increases, the maximum
laboratory scattering angle decreases.  For the
special case m = M the laboratory angle is
one-half that in the centre-of-mass system. 

The relation between solid angles is

An element of the total interaction co-efficient corresponding to scattering through angle θ within
 directional range dΩ is given by

dµ̂'n̂T@
dσ
dΩ

(E,θ)@2π@sinθdθ (23)

Introducing the scattered energy as a function of angle and incident energy EN(E,θ),the above can be
transformed to give an expression differential in energy

where θ is itself a function of EN and E. The finite quantities on the right sides of equations (23) and
(24) may be designated as µ̃(θ)  and  µ(EN|E) respectively. The latter may be thought of as the
spectrum of scattered particles which would be observed in an experiment performed with an
isotropic projectile radiation field of initial energy E.
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Figure 5

Figure 6

The variation of the scattered energy, EN, and the
recoil energy, E-EN, is shown in Fig.5 for elastic
scattering of a photon off an electron. As in all
scatterings, the scattered energy becomes negligibly
different from the initial energy for very small
scattering angles, ie forward scattering. The recoil
energy is accordingly small compared to the initial
energy. The case shown is of course the famous
example of relativistic kinematics involving a
projectile with zero rest mass.

The function µ(EN*E) is quite naturally thought of as a function of the scattered energy EN for
an incident particle of energy E. Mathematically however it is a two dimensional function. This is
illustrated in the contour plot in Fig.6 for a particular scattering process. As indicated in the figure,
normally the domain is restricted to the region EN< E, although if in the laboratory system the target
is not at rest it is possible for the particle to
gain energy, a phenomenon referred to as up-
scattering. The example in the contour graph
shown illustrates down-scattering, the usual
situation with the restricted domain. Again, the
usual experimental situation is the observation
of the spectrum of scattered particles produced
by incident particles of a fixed energy. This is
depicted in Fig.7  for an incident energy of 2
MeV. This curve corresponds to a cut through
the surface above along the vertical line
corresponding to E=2. 

It is possible to also consider the relative
contributions made by particles of different
incident energies to the production of scattered particles of 2 MeV.   This curve corresponds to a cut
through the same surface along the horizontal line at EN=2 and is shown in Fig.8.  The roles of the two
energies are now reversed with the scattered energy playing the role of a fixed parameter and the
incident energy the variable. Note that in this case the function vanishes for the region below 2 MeV
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Figure 7 Figure 8

µ̃(EN*E)'n̂T[
σa(E)

4π
δ(EN)%

d 2σe(Ω@ΩN,E)

d 2ΩN
δ(EN&gr(Ω@ΩN,E))%

d 3σi(Ω@ΩN,E,EN)

dENd 2ΩN
]             (25)
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since the incident energy must exceed the scattered energy.

For a medium with number density nT, absorption cross section σa, elastic scattering cross section
σe and inelastic scattering cross section  σi  the general differential coefficient takes the form

where  is the function determining the scattered energy in the elastic scattering process.gr(Ω@ΩN,E)

5. Classical Hard Sphere Scattering

The simplest example of elastic scattering is that of a point object scattering from a rigid sphere of
radius R and infinite mass. The situation is depicted in the accompanying diagram. Since the sphere
is infinitely massive it will not recoil and hence the final kinetic energy of the projectile must equal
the initial kinetic energy. This immediately requires that the lengths of the momentum vectors before
and after the collision also be equal. Since the only force acting is
along the normal to the sphere, the value of the tangential component
of momentum cannot change. Thus the result of the collision is to
change the sign of the normal momentum component only. From the
figure it can then be seen that  is the scattering angle in termsθ'π&2α
of the angle made between the propagation direction and the line
joining the point of impact with the centre of the sphere, designated
α. 
Introducing the impact parameter b inspection of the geometry shows
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b'Rsinα'Rcos θ
2 (26)

dσ'bdbdφ (27)

dσ'R 2

2
sin θ

2
cos θ

2
dθdφ

'
R 2

4
sinθdθdφ

(28)

dσ
dΩ

'
R 2

4
(29)

σ' m
2π

φ'0
m
π

θ'0

dσ
dΩ

dΩ'2πm
π

0

dσ
dΩ

sinθdθ (30)

σ'πR 2 (31)

that

The cross sectional area corresponding to  an infinitesimal range of scattering angles from θ to θ+dθ
is

From Eqn.(26)

The element of solid angle is .The differential cross section is then given by the ratiodΩ'sinθdθdφ
as

For "hard sphere" scattering the differential cross section is independent of scattering angle in the
center-of- mass system in general. Because of the assumed infinite mass of the target the laboratory
and center-of-mass system are indistinguishable in this example.

The total cross section is easily evaluated in this instance. In general

where the second expression is always correct for unpolarized beams since then there can be no
dependance on the azimuthal angle. When the differential cross section  is constant it is easily seen
that Eqn(30) is identical with multiplying by 4π so for hard sphere scattering
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which is an obvious result classically.

6. Energy weighted coefficients

In many applications of radiation physics the most important aspect of an interaction is the energy
exchange which occurs. For the most general type of interaction the interaction coefficient differential
with respect to outgoing particle energy is given by

µ(EN*E)'mµ̃(EN*E)dΩN (32)

For elastic scattering this quantity may be determined from equation (24). The average scattered or
more generally outgoing energy may be calculated easily if one considers the differential coefficient
to be the product of the total interaction coefficient and a probability density function so that 

<EN>'µ̂&1@mENµ(EN*E)dEN (33)

The energy scattering coefficient is then defined as

µs'µ̂ @<EN>/E (34)

corresponding to the average fraction of incident energy scattered per unit path length. An energy
transfer co-efficient is defined in a similar fashion with the average energy transferred replacing the
average energy scattered. It follows that 

µk'E &1@m(E&EN)@µ(EN*E)dEN'µ̂&µs (35)

In certain circumstances to be discussed in more detail later the energy transfer coefficient is equal
to the energy absorption coefficient. Low-energy elastic neutron scattering in the interior of a large
object is such a situation. The terminology used in radiation physics must not be confused with that
common in nuclear physics. In the latter a scattering cross section merely refers to the differential
cross section for a scattering process without reference to the energy change.

While the cross section is a quantity characteristic of the specific interaction involved, the interaction
co-efficient, which corresponds to the total cross section in a unit volume, is dependent upon density.
Using the terminology of continuum physics, in which the interaction coefficient is referred to as an
attenuation coefficient, a mass attenuation co-efficient is introduced. This quantity corresponds to the
total cross section in a unit mass. Taking the target as a molecule and the cross section to be the
molecular cross section, then if the molecular weight is M and NA is Avogadro's number, the mass
attenuation coefficient is
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               Figure 10

µ̂/ρ ' NAσ/M cm 2/g (36)

Mass energy transfer and scattering coefficients are defined in a similar manner. Providing that there
are no significant neighbour effects the molecular cross section is merely the sum of the atomic cross
sections of its constituents. In many applications the mass attenuation co-efficient of a mixture, such
as concrete or bone, is required. As with the molecule, provided that the cross sections of the
constituents are not altered in the mixing then this can be obtained as follows. Assume the mixture
has N components, each with linear coefficient µi, i=1,N and a density ρ. Then since the total linear
attenuation coefficient is 

µ̂ ' j
N

i'1
µ̂i (37)

it follows that

µ̂/ρ'j
NAσi

Mi

@
Mi

M
'j ωi@ (µ̂/ρ)i (38)

where ωi is the fraction by weight of component i in the mixture and the
limits on the sum are as in Eqn(37).

7. Low-energy neutron scattering

The process of elastic scattering of low-energy neutrons by target nuclei is a simple example for
which the energy weighted coefficients may be calculated analytically. This reaction is characterized
by a constant differential cross-section in the center of mass, equal therefore to σ/4π corresponding
to isotropic scattering. It is most convenient therefore to determine the scattered and recoil energies
as a function of the center-of-mass scattering angle. In center-of-mass co-ordinates the total linear
momentum of the interacting system is zero. As indicated in Fig.7, the process in that system involves
only a reorientation of momentum vectors. In particular, the target nucleus initially approaches the
origin with velocity vector equal in magnitude but oppositely directed to the center-of-mass velocity,
provided one may neglect any target motion in the laboratory system. This is a good approximation
for neutron energies greater than 1 keV since the center of mass velocity is much larger than thermal
velocities. If the neutron velocity in the laboratory system is u then the center-of-mass velocity is
given by
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Figure 11

V'
m

M%m
@ u (39)

where m and M are the neutron and target mass respectively. The angle between the target velocity
vectors is the complement of the center-of-mass scattering angle. Transformation of velocity to the
laboratory system corresponds to addition of the center-of-mass velocity so that the construction in
Fig. 10 and the above equation result in a recoil energy given by

Ek(θ)'MV 2(1&cosθ)

'
2mM

(m%M)2
E@(1&cosθ) (40)

It is convenient to denote the factor involving the masses in Eqn (40) by α. The energy transfer
co-efficient may be calculated by integrating the fraction of energy transferred weighted by the
differential cross section over all angles giving

µk'mα(1&cosθ)@n̂T
σ
4π

@2πsinθdθ

'αµ̂
(41)

where  has been substituted for the product .µ̂ n̂Tσ

It is also possible to calculate the interaction co-efficient µ(Ek*E) thereby obtaining information
regarding the recoil spectrum. From Eqn (40)

dEk

dθ
'αEsinθ (42)

so that from Eqn (24) with EN replaced by Ek

µ(Ek*E)'
n̂Tσ
2αE

,0#Ek#2αE

'0, Ek$2αE.
(43)

This result is displayed graphically in Fig.11 and indicates
that there is an equal probability density for producing any
allowed recoil energy. As a consequence a flat recoil
spectrum would be observed. The proton recoil neutron
spectrometer is an excellent example in which each incident
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neutron energy group produces a rectangular proton spectrum ending at the neutron energy (α=1/2).
By calculating the negative derivative, the incident neutron spectrum is recovered. Since the sum of
the scattered and recoil energies is the constant E, dEN=dEk, and the spectrum of scattered particles
is also flat with the same value for µ(EN*E). In this case however the scattered energy ranges from
(1-2α)E to E. For this reaction the energy transfer coefficient is identical with the energy absorption
coefficient. As the neutron energy increases the differential cross-section no longer is constant but
varies with center-of mass angle. The same approach may be used to calculate the absorption and
differential interaction co-efficients although the calculation becomes more difficult. It should be
noted that isotropic scattering in the center-of-mass system does not imply that the scattering is
isotropic in the laboratory system. For example the low energy neutron-proton scattering process is
characterized by a differential cross section which varies as the cosine of the laboratory scattering
angle.

8. Calculation of cross-sections

In principle the cross section for any process may be calculated from the properties of the interacting
particles and the potential energy of interaction. The calculation is performed in the center-of-mass
system. While various approaches are used in almost all cases it is necessary to invoke
approximations. A very useful approximation is that of time-dependent perturbation theory which
results in an expression for the transition probability as

dλ' 2π
S
*(f*Hint*i)*

2 dn
dE (44)

The above expression holds for first-order or single-step processes. If the initial state is described by
a projectile wave function corresponding to unit flux density then Eqn (44) yields the differential cross
section. The matrix element can be written

(i*Hint*f) ' mΨ
(

f @Hint@Ψi dτ (45)

where Ψi and Ψf are the initial and final state total wave functions, Hint is the Hamiltonian of the
interaction and the integration is over the configuration space of the entire system. The last factor in
Eqn(44) represents the rate of change of the density of final states with the final state energy. Since
the number of states in phase space is dN=d3rd3p/h3 the afore mentioned quantity for an outgoing
particle is given by h-3 d3p/dE .

The initial state comprises the incident particle coupled to the target.  If the target energy levels are
widely spaced with respect to the thermal energy (about 25 meV at room temperature) then the target
is predominantly found in the ground state.

The wave function corresponding to a particle of momentum p=Sk normalized to unit density is
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ψ ' e ik@r (46)

The wave function corresponding to a beam with unit flux density moving along the z-axis may
similarly be written

ψ '
1
v

e ikz
(47)

where v = Sk/m is the particle velocity.

The origin and nature of the structure factor introduced in Eqn. (20) may be delineated within the
above approximation.  Consider the target to consist of a system of N point particles located at
positions {rj, j = 1, N}.  Each particle interacts with the projectile through a potential function V(r)
where r is the particle-to-projectile distance so that

Hint ' j
N

j'1
V(r&rj) (48)

where r is the position of the projectile.  Combining Eqn.(45) to (47) and taking the initial state as the
ground state gives

(f*Hint*i)'
1
v me &ik@r(g*j

n

j'1
V(r&rj )*0)@e ikNrd 3r (49)

where g is the energy transfer in the centre-of-mass system. Introducing the momentum transfer q, this
can be rewritten

(i*Hint*f)'
1
v

(g*me &iq@rj
N

j'1
Vr&rj )d 3r*0) (50)

Using R = r - rj the above becomes

(f*Hint*i)'
1
v

(g*j
N

j'1
e iq@rjme &iq@RV(R)d 3R*0)

'
1
vme iq@RV(R)d 3R (g*j

N

j'1
e iq@rj*0)

(51)

The first factor corresponds to scattering from a single point particle at the origin.  The second factor
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is determined by the energy and momentum transfer and the set {rj} and thus is dependent on the
target structure.  The structure factor is then

S(g,q)'*(g*j
N

j'1
e iq@rj*0)*2 (52)

Note that the structure factor is common to the scattering of different particles from the same
structure. For example, inelastic photon scattering and electron scattering from the same target are
closely related. Similarly, neutron scattering can be related to the scattering of ultrasound. The term
structure factor is normally used when discussing large scale structures such as crystals and
molecules. At the atomic level the term form factor is used. Note that as q tends to zero the behaviour
is quite different for elastic scattering, for which g=0, and inelastic scattering. In the former case, the
structure factor becomes N2, while in the latter it vanishes. In the elastic scattering case then, there
is always full constructive interference for forward scattering regardless of the spatial arrangement
of the scattering centres. It is noteworthy that the existence of a structure factor for electron-proton
scattering provided the evidence for the quark substructure. The structure factor in elastic scattering
is called the form factor. For atomic and molecular inelastic scattering the term generalized form
factor is also used.

More generally when perturbation theory is no longer sufficient, in the case of elastic scattering, the
scattered wave function for unit incident flux density is written

ψsc(r) ' f (θ) e ikr

vr
(53)

in spherical polar coordinates.  The angular function f(θ) is the scattering amplitude and

dσ
dΩ

' * f(θ)*2 (54)

The scattering amplitude is itself determined by a complete solution of the wave equation. It can in
general be represented as a series in Legendre polynomials.

9. Transport Cross Section

It is intuitively obvious that an elastic scattering process at θ=0 has no effect on the behaviour of a
projectile. Scattering processes which are highly forward directed, therefore, have less effect on
particle transport than isotropic scattering processes. A measure of the nature of the scattering is the
average cosine of the scattering angle ,<cosθ>. 
This quantity vanishes for isotropic scattering and approaches unity for forward-directed scattering.
An effective transport scattering cross section is given as
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σts'σs@(1&<cosθ>) (55)

while the transport cross section is given by

σt'σa%σts'σ&<cosθ>@σs (56)

Note that for isotropic scattering the transport cross section is identical with the total cross section.
On the other hand, for highly forward-directed scattering the transport cross-section becomes the
absorption cross section.

The implications of this are perhaps best appreciated by considering the behaviour of a narrow beam
as it propagates through a medium.  If the scattering is highly forward directed, then the beam will
remain narrow and the current density will diminish solely as a result of the loss of particles by
absorption.  If the scattering is isotropic, however, particle motion becomes redirected.  The beam
diverges and hence spreads laterally.  The current density will now decrease with penetration even
in the absence of absorption.

Summary

Differential interaction coefficient: µ̃(EN*E)'n̂T
d 3σ
d 3EN

Interaction coefficient differential in energy: µ(EN*E)'m
4π

µ̃(EN*E)d 2ΩN

Interaction coefficient: µ̂(E)' m
4

EN'0
m
4π

µ̃(EN*E)d 3EN' m
4

EN'0

µ(EN*E)dEN

Interaction density: 
d 6n̂int

d 3ENd 3E
'µ̃(EN*E)Φ̃(E)

Energy scattering coefficient: µs'
1
Em

E

0

µ(EN*E)ENdEN

Energy transfer coefficient: µk'µ̂&µs

Transport coefficient: µt'mµ̃(EN*E) (1&ΩqΩ) d 3EN
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µ̃(E )*E)'ce &aE )

0˜E )<E
'0 E )>E

PROBLEMS FOR DISCUSSION
(INTERACTIONS)

1. (a) A beam consisting of 1015 photons/sec of energy 1.8 MeV is incident on a Be
target, 12 cm in thickness.  The total cross-section is 0.62 b.  If the photoneutron
cross-section is 2 mb and the threshold energy is 1.6 MeV, estimate the production
rate of neutrons.  The density of Be is 1.85 g/cm3.

(b) A source emitting 1013 thermal neutrons is located in the interior of a large pool of
water.  If the total neutron cross-section is 40 b and the absorption cross-section is
0.6 b  for water, calculate the total number of neutron absorptions/sec. 

2. The cross-section required to inactivate a cancerous cell by 137Cs radiation is 10-8

cm2.  Calculate the fluence required to a tumour consisting of 109 cells to ensure
that all cells will be inactivated with 90% confidence;  i.e. the probability that one
cell has not been inactivated will be 10%.  (Note - the concept of a simple
inactivation cross-section would be a crude approximation here).

3. Low energy n-p scattering is isotropic in the centre-of-mass system.  Find an
expression for the differential cross-section as a function of scattering angle in the
laboratory system.

4. If the differential interaction coefficient is given by

find the energy-absorption coefficient.

5. Consider an elastic scattering process in which the target mass is very much greater than
the projectile mass. Find an expression for the scattering part of the transport cross section
in terms of q, the momentum transfer, k, the momentum and the differential elastic
scattering cross section dσ/dq.
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µ(ε*E)'
2e &αE

E 2
ε,ε#E

0,ε,E

φ(E)'
φ0

2
E 2e &βE

6. 104 neutrons with initial energy of 14MeV are elastically scattered from a hydrogenous
material. Assume the n-p scattering dominates.

a) Calculate the number of scattered neutrons with energy between 7 and 14 MeV.
b) Calculate the number of neutrons scattered through an angle less than or equal to

150 in the lab frame.
c) Calculate the energy transferred from the neutron beam to the material.

7. The differential interaction cross section to produce particles of type b, energy ε from
particles of type a with energy E is

If the flux density of particles of type a is

then find the production rate per unit volume of particles of type b with energies between ε and
ε+dε 


