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(Notes 10)

MICRODOSIMETRY

1. Introduction

The subject matter of microdosimetry was developed largely through attempts to determine the
distribution of LET arising when a radiation field interacts with matter. More generally however it
concerns the nature of the energy transfers which occur in microvolumes of the order of cellular and
subcellular structures.

Since the absorbed dose is essentially an energy density it is a macroscopic concept. This may
perhaps be made clear by consideration of the usual density, more explicitly mass density of a material.
The density at a point is mathematically considered to be the limiting ratio of an increment of mass to the
increment of volume surrounding that point. This concept is essentially an eighteenth century one
formulated in a period when matter was considered to be continuous. From the contemporary viewpoint,
since the mass is concentrated in discrete entities, atoms or molecules, the limiting process must be
qualified to ensure that the volume contains a sufficiently large number of these for statistical significance.
At volumes containing only one atom on average the number contained at any time will fluctuate from 0
to several and the concept of density becomes poorly defined. The energy transfers occurring when
radiation interacts with matter also are discrete and at the microscopic level large fluctuations will occur.
It is thus necessary to consider the distribution in the energy absorbed.

2. LET distributions

For a radiation field characterized by a fluence  and a probability density function p(L) theΦ̂
fluence LET distribution is

Φ(L)'p(L)@Φ̂ (1)

The track average LET is

LT'mL@p(L)dL (2)

Since in C.S.D.A. the dose is given by 

D'ρ&1@mL@Φ(L)dL (3)

it then follows from (2) that 

D'LT@Φ̂/ρ (4)
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If the common units of keV"µm-1 for LET and Gy for dose are used, then the fluence per unit dose
can be written (6.3 x 108) LT

-1 cm-2Gy-1.  This relationship assumes unit density.

It is also possible to define a dose distribution, D(L), over LET. This quantity is used to calculate
dose equivalent as was described in section 10 of the chapter on dosimetry. The definition follows from
equation (3) above and may be written

D(L)'ρ&1L@Φ(L) (5)

It then follows that it is possible to define a dose average LET in contrast to the track average introduced
in Equ(2). The dose average quantity is given by

LD'D &1@mL@D(L)dL (6)

where D specified without a functional argument is . From equations (2), (5) and (6) the dosemD(L)dL
average LET is related to the track average quantities by

LD'<L 2>T /LT (7)

where the numerator on the right is the second moment of the track LET distribution, given by

<L 2>T'mL 2@p(L)dL (8)

3. Event size and lineal energy.

Consider a spherical cavity of diameter d used as a proportional counter. If a charged particle
traverses the sphere a signal is produced proportional to the energy absorbed in the cavity. Providing the
charged particle range is sufficiently large with respect to the diameter the energy imparted to the cavity
by such an event will be given by

E'Lx (9)

where L is the LET of the particle and x is the chord length defined by the intersection of the particle track
with the sphere. The chord length is a statistical quantity characterized by the triangular probability
density function

p(x)'2x/d 2, 0˜x˜d
'0, x<0 or x>d (10)

Introducing the event size 

y'E/d (11)

it can be seen that for a given L, this quantity is similarly distributed according to
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p(y*L)'2y/L 2, 0˜y˜L
'0, y<0 or y>L (12)

If the radiation field interacting with the detector is characterized by a distribution of LET then the
distribution of event size observed will follow the probability density function

p(y)'m
4

y

p(y*L)@p(L)dL (13)

Note that from Equ.(12)  for those regions of integration corresponding to L < y. It is for thisp(y*L)'0

reason that the lower limit in Equ.(13) is indicated explicitly as y rather than 0, although either yield the
same result.

If during a period of observation N events are observed the number of events occurring with event
size between y and y + dy, the spectrum in other words, is

n(y)'N@p(y) (14)

The energy imparted by these events is obtained from (11) and when divided by the cavity mass gives the
dose contribution

D(y)'6y@n(y)/ρπd 2 (15)

The analysis implied in the above has often been used to resolve the photon component from the neutron
component in the dose from a mixed field. The D(y) spectra from the two components tend to be
concentrated in regions of low and high event size respectively. The dose equivalent for the field is then
calculated using an average quality factor of 10 for the neutron component. A more sophisticated
treatment involves mathematically inverting Equ(13) to obtain the LET distribution from the observed
event size distribution. The dose distribution D(L) may then be calculated according to Equ(5). In this way
the quality factor for each LET group may be used to calculate the dose equivalent. This analysis ignores
effects from tracks which do not entirely traverse the sphere.

As can be seen from equation (10), the average chord length of a sphere is given by 2d/3.  The
lineal energy has recently been introduced and defined as the ratio of energy deposited to the average

chord length.  Thus the lineal energy satisfies yR'3y/2.

4. Specific energy

The energy imparted to a microscopic volume is a fluctuating quantity. The ratio of this energy to
the mass of the volume is a statistical variable referred to as the specific energy. For an ensemble
consisting of a large number of identical such volumes it becomes possible to determine the average
specific energy the limiting value of which is referred to as the dose. 
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<F(z)>n'mF(z)p(z*n)dz (18)

The imparted energy acquired by the volume during an exposure is the sum of the energies
imparted by each event. The latter are of course also statistical quantities as discussed in section 3. The
specific energy may then be written

z'j
n

i'1
zi (16)

The probability density function for z results from the n-fold convolution of the single event pd.f 

p(z*n)'p1(z)(p1(z)......p1(z) (17)

except p(z , o) = δ(z)

In general averages will be given by 

For convenience in the case of , the form  will be used.F(z)'z z̄n'<z>n

Since the events are independent it follows from Equ(16) that the mean and variance of the distribution
satisfy

z̄n'n@z̄1 (19)

and

σ2
n'n@σ2

1 (20)

Since the variance of a distribution is given by

σ2
n'<z 2>n&z̄ 2

n (21)

it follows that

<z 2>n'n@σ2
1%n 2@z̄ 2

1 (22)

In considering the ensemble it is important to realize that the number of events occurring in
different replicate volumes is also statistical. Since this is essentially a counting or Poisson process the
number n follows the well-known distribution law

P(n*N)'N ne &N/n! (23)

The average of the Poisson distribution above is N. It is also well-known that the variance of n is the mean.
The distribution of specific energy for the entire ensemble is then obtained by combining the distributions
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for each specified number of interactions. This is expressed as

p(z*N)'j
4

n'0
P(n*N)@p(z*n) (24)

The moments of the ensemble distribution are by definition

<z r>N'mz rp(z*N)dz (25)

From Equ.(24) and (25) it follows that

<z r>N'j
4

n'0
P(n*N)<z r>n (26)

In particular the first moment or ensemble average is the dose and satisfies the relation

<z>N'z̄1@j
4

n'0
nP(n*N) (27)

which may be rewritten

D'N@z̄1 (28)

As can be seen from the above equation, an exposure to radiation characterized by an average single event
specific energy resulting in a certain dose corresponds to an average number of events per site N. It is
common therefore to describe the ensemble specific energy pd.f. by p(z|D) since the dose determines the
distribution by defining N.

From Equ(21) and (25) it follows that 

<z 2>N'Nσ2
1%z̄ 2

1 @j
4

i'1
n 2P(n*N) (29)

For the Poisson distribution the variance equals the mean so that the above can be written

<z 2>N'Nσ2
1%z̄ 2

1 @(N%N 2) (30)

From equ(22), substituting for σ2
1 and introducing the dose from Equ(28) the above becomes

<z 2*D>'D 2%ζD (31)

where 

ζ'<z 2>1/z̄1 (32)
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Note that the quantity in Equ(32) is the dose average specific energy as can be seen from a comparison
with Equ(7).

Irradiation of an ensemble of cell nuclei produces two major subgroups. The fraction of nuclei in
which no event occurs is e-N while the fraction experiencing one or more events, sometimes referred to as
hits, is 1-e-N. For a small ratio of dose to frequency average specific energy only a small fraction of nuclei
are hit. In this situation, which arises most readily for large LET, Equ(28) may be interpreted as the product

of the dose per nucleus  and the fraction of nuclei hit, N(N<<1). It is questionable in suchz̄1

circumstances whether or not the concept of average dose is meaningful.

5. Hit size effectiveness

The general approach of microdosimetry is typified by hit size effectiveness theory.  It is postulated
that the biological effect of interest is quantitatively related to the energy deposited in a sensitive site
through the effectiveness function H(y).  The quantity y may be event size, lineal energy or specific energy. 
The dose response for an ensemble of cells can then be written

ε(D)'m
4

0

H(y)p(y*D)dy (33)

Within this context, the theory of dual radiation action is the study of the ensemble dose response for a
quadratic hit size effectiveness function.  A fundamental tenet of the theory is the independent behaviour of
each cell. If the response involves intercellular behaviour, resulting from collective behaviour of a group of
cells, it would be necessary to introduce a multi-dimensional hit-size effectiveness function.

Radiobiological data takes the form of sets of response-dose functions.  In principle, it is possible to
infer the hit-size effectiveness function by inversion of equation (32).  In practice, however, this process is
extremely difficult often leading to multiple solutions.  A more promising approach is the use of a
biological model to formulate a hit size effectiveness function based upon defined sensitive sites.  The dose
response is then calculated and compared to the radiobiological data.

The dose response can always be expanded and when the series is curtailed at second order gives
the linear-quadratic response

ε(D)'αD%βD 2 (34)

The parameters α and & may be determined by fitting the radiobiological data.  Values may also be
predicted given a model and employing microdosimetric concepts.  For purposes of radiation protection to
the public, the low dose limit, in which only the linear term is significant, is of primary concern.  In such a
case the relative biological effectiveness becomes

lim
D60

RBE'α/αx (35)
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where αx is the coefficient for the standard field (either 60Co γ-rays or 250 kvp x-rays).

The result in Equ(31) has been central in the theory of dual radiation action in which it is
hypothesized that the onset of biological effects is controlled by a second order process the magnitude of
which varies as the square of the specific energy. In a population irradiated to a dose D the effect is
expected to show a combined linear-quadratic relation as described in Equ(31). Note that in the dose range
D<<ζ the effect will vary linearly with dose despite the inherently quadratic dependence on imparted
energy at the microscopic level. The variation will become purely quadratic in dose in the dose regime
D>>ζ.

The theory was initially formulated to explain observations that the RBE for neutrons is dose
dependent. If the end point under investigation is postulated to be proportional to the square of the specific
energy with the constant of proportionality dependent on radiation type then the requirement that doses
produce the same end point, referred to as the isoeffect condition is

knDn(Dn%ζn)'kγDγ(Dγ%ζγ) (36)

Solving gives the RBE as Dγ/Dn in the form

RBE'6[ζ2
γ%4kn/kγDn(Dn%ζn)]

1/2&ζγ>/2Dn (37)

The radiobiological data have been analyzed in terms of (37) with the approximation kn=kγ with some
success.
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 PROBLEMS FOR DISCUSSION 
  (MICRODOSIMETRY) 
 
 
1. Show that the number of hits per dose determined by the inverse frequency average specific energy is  
equivalent to the product of the fluence per unit dose with the cross-sectional area of the site involved. 
 
 
2. Find the dose average specific energy for a sphere of diameter d, unit density exposed to radiation of  
LET, L. 
 
 
3. Explain the significance of the area under the curve obtained when yD(y) is plotted against yln . 
 
 
4. Calculate p2(z), the 2-hit specific energy pdf, for a unit density spherical site 1 μm in diameter and  
a radiation field with L = 90 keV/μm. 
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